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Abstract 

In this Thesis simple, phenomenological models with limited and appropriately chosen 

anatomical details were investigated to assess, whether they are sufficient to simulate clinical 

electrophysiological treatment procedures of atrial arrhythmias.  

During electrophysiological procedures, there is a limited possibility of tracking and 

imaging arrhythmic electrical activity of the tissue in vivo. Simulations of such procedures 

could overcome this problem by giving an insight into the mechanisms of atrial arrhythmias 

as well as of the electrophysiological treatment methods. A computational modelling 

framework for human atria was developed to assist in the study of atrial arrhythmias, develop 

new therapeutic strategies and support existing ones. To enable efficient times of simulation, 

the complexity of the model is adjusted to allow a real-time interaction of the operator with 

the model.  

First, this Thesis presents chosen simple models for the cardiac tissue. Nonlinear oscillator 

models are applied as models of atrial nodal tissue. The models studied in this Thesis yield 

the restitution properties and phase response that can be adjusted to the planned stimulation 

scenario. It is shown, that phenomenological models of cellular electrophysiology, like the L-

transformed van der Pol- Duffing model or the Fenton-Karma 3V model, are appropriate for 

mesoscale simulations (i.e. the scale of a group of cells or larger). This Thesis discusses 

potential advantages and disadvantages of choosing simple model geometries based on the 

hypotheses to be tested. Simple two-dimensional and anatomically based three dimensional 

representations of atrial geometry are applied to various arrhythmias, such as atrial flutter, 

atrioventricular nodal re-entry tachycardia, scar-related re-entry and more. The spatially 

extended models developed in this Dissertation show a high level of interactivity, enabling the 

user to set up pacing protocols, apply ablation lesions during a single model run, to change the 

modeling parameters such as the effective refractory period duration or to change the 

excitability interactively during the simulation. 

As an example of a simulation of clinical procedures, the modelling framework is applied 

to model an entrainment electrophysiological procedure. The simulations show, that the 

entrainment outcome is highly repeatable. Moreover, an improvement to the entrainment 

procedure is proposed for a better localization of reentrant, arrhythmic circuits. A simple 

entrainment protocol is suggested to distinguish the AVNRT from an atypical scar-related 

right atrial flutter and tested in simulations.  
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Streszczenie 

W niniejszej Rozprawie zbadano, czy proste modele fenomenologiczne tkanki serca z 

odpowiednio dobranymi szczegółami anatomii modelu wystarczą do symulacji typowych 

klinicznych zabiegów elektrofizjologicznych w leczeniu arytmii. Podczas zabiegów istnieje 

ograniczona możliwość obrazowania arytmicznej aktywności elektrycznej przedsionków. 

Zastosowanie symulacji pozwala na uzyskanie wglądu w mechanizmy działania zarówno 

arytmii jak i samych metod zabiegowych. W celu wsparcia opracowywania strategii zabiegów 

elektrofizjologicznych oraz usprawniania tych istniejących, w Rozprawie zaproponowano 

zestaw komputerowych narzędzi do modelowania przedsionków serca człowieka. Aby 

zapewnić efektywny i szybki czas symulacji, złożoność opracowanych modeli może być 

łatwo dostosowywana przez użytkownika do badanego zagadnienia. Opracowane symulacje 

umożliwiają interakcję użytkownika z modelem, w czasie rzeczywistym.  

W Rozprawie zbadano proste modele tkanki mięśniowej serca, w tym modele tkanek 

węzłowych oparte o oscylatory nieliniowe. Zbadano, czy właściwości modeli (m.in. krzywe 

restytucji i odpowiedzi fazowej), odpowiadają modelowanym przypadkom klinicznym 

arytmii przedsionkowych u ludzi. Pokazano, jak te właściwości mogą być dostosowane do 

planowanego scenariusza symulacji. Wykazano, że modele fenomenologiczne komórek 

przedsionka (takie jak model van der Pola-Duffinga po transformacji Liénarda, czy model 

Fentona Karmy) wystarczają do symulacji procesów przebiegających w skali grup komórek 

lub większych. Niniejsza Rozprawa przedstawia wady i zalety doboru prostych geometrii 

przedsionka poprzez pokazanie symulacji arytmii przedsionkowych w prostych 

dwuwymiarowych reprezentacjach anatomii przedsionków oraz w trójwymiarowych 

modelach rzeczywistej anatomii. Przedstawiono przykłady symulacji arytmii takich jak 

trzepotanie przedsionków, przedsionkowo-komorowego częstoskurczu węzłowego, 

częstoskurczu wokół blizny w przedsionku. Opracowane w niniejszej Rozprawie 

przestrzennie rozciągłe modele serca są interaktywne, pozwalając użytkownikowi na ustalanie 

protokołów stymulacji, modelowanie ablacji w czasie rzeczywistym, zmianę parametrów 

modelowania takich jak efektywny okres refrakcji bezpośrednio podczas symulacji. 

Jako przykładowe zastosowanie narzędzi opracowanych do symulacji procedur 

klinicznych przedstawiono modelowanie elektrofizjologicznej metody sprzęgania 

(entrainment). Za pomocą przeprowadzonych symulacji pokazano, że technika sprzęgania 

podczas zabiegów elektrofizjologicznych charakteryzuje się wysoką powtarzalnością. 
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Ponadto, zaproponowano dodatkową metodę lokalizacji pętli arytmicznych przy użyciu 

techniki sprzęgania. Za pomocą opracowanych narzędzi symulacyjnych, zaproponowano i 

pokazano prostą metodę, wykorzystującą technikę sprzęgania, pozwalającą odróżnić 

częstoskurcz przedsionków, powstały w przypadku istnienia blizny w sercu, od nawrotnego 

częstoskurczu węzłowego.  
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Motivation and problem statement  
 

 

Identifying the problem 

In order for the heart to supply an efficient delivery of blood to the brain [1], a regular and 

appropriate electrical activation sequence must occur in its tissue within each heartbeat [2]. 

Abnormal electrical activation can cause various disorders of heart rhythm (arrhythmia), 

impairing the pump action of the heart in the process. 

Much effort has been spent recently on studies of the electrophysiological properties of the 

upper heart chambers (the atria), as the most common cardiac arrhythmias originate there 

[3,4]. The overall number of people suffering from atrial fibrillation, the most common atrial 

arrhythmia, was estimated in 2010 globally at 33.5 million (5 in 1000 persons) [3]. More than 

2 in 1000 persons is affected by supraventricular tachyarrhythmias – fast rhythm disorders 

involving the heart atria [5]. Successful treatment methods include catheter ablation, which 

suppresses the pathway of abnormal electrical propagation [6], medications altering the 

cellular properties of cardiac tissue (anti-arrhythmic drugs), application of an electrical shock 

(electrical cardioversion, [7]) or the implantation of an artificial cardiac pacemaker [8]. 

The mechanisms of such arrhythmias are multiple and complex, and their dynamics appear to 

be strongly nonlinear [9]. Due to the limited possibility of tracking and imaging in vivo the 

abnormal electrical activation initiation and maintenance, these mechanisms are not fully 

understood. As a result, the treatment is still based on empirical considerations [10].  
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Integrated, interdisciplinary research 

In order to develop new therapeutic strategies, support existing ones, and solve current 

clinically valid problems, there is a need for a better integration between clinical perspective, 

basic electrophysiological science and the knowledge of the physical foundations of the 

dynamics of the cardiac electrical activity. 

Computer models of atrial electrophysiology proved to be a good framework for such an 

integrated approach. With origins in cardiac electrophysiology, biology, biophysics, 

mathematics and engineering, computer simulations are developed for a better understanding 

of atrial pathophysiology [10,11]. 

Models are only simplified images of reality. The problem of what a given model truly 

represents and of a model validation is crucial to cardiac electrophysiology modelling, since 

the processes involved in cardiac electrical activity are multiscale. In spatial scales, they span 

a range from 10-9 m for molecular processes up to more than 10 -1 m, and in temporal scales 

from 10-7 s for intra-cellular processes to full day scale covering 24 hours or 105 s [12]. 

Therefore, the inherent limitation of simulations of cardiac activity is the trade-off between 

the accuracy of the representation of anatomical and electrophysiological details in each scale 

range and computational requirements. This often leads to focusing the simulation studies 

only on the understanding of detailed electrophysiological processes inside the tissue and not 

on a broader perspective on the clinical procedure of the diagnosis and the treatment of 

arrhythmia. The key to correctly and efficiently relate the integrated, computational approach 

with clinical reality may be such an approach to simulation, in which the simplifications are 

justified by the hypothesis to be tested. 

Clinical electrophysiology – the setting and background 

Clinical assessment and diagnosis of atrial arrhythmias relies on measurements of electrical 

signals on the inner surface of the atrial tissue (intracardiac electrograms). Procedures 

performed in the electrophysiology laboratory (EP lab) in a hospital involve catheter 

measurements of endoatrial activity [13], extra-stimulus and incremental pacing trains [13,14] 

and radio-frequency ablation of small regions of the atrial tissue [6]. The timescale of these 

procedures varies from seconds to tens of minutes, while the spatial scale is confined to the 

dimensions of atria (101 cm scale) [1]. These scale ranges are the key requirements for the 

design of the simulation of the electrical activity of heart atria and are the largest constraints 
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for the computational complexity of the models used to represent atrial anatomy and 

electrophysiology. To enable efficient times of simulation, the complexity of the model 

should allow running it as close as possible to real-time and to be adjusted to the conditions it 

simulates. Such an approach would allow interacting with the model during the simulation. 

This would enhance and tighten the dialogue between the empirically oriented clinical 

specialists and the research scientists.  

Hypothesis  

Simple, phenomenological models with limited, appropriately chosen anatomical details are 

sufficient to simulate typical applications of clinical electrophysiological laboratory 

procedures for cardiac arrhythmias.  

Objectives 

The objectives of this Thesis are: 

 To apply the physics of non-linear oscillations to explore the physiology of atrial 

electrical conduction system. 

 To explore chosen nonlinear models of the electrical activity of cardiac nodal tissue 

and models of cardiac muscle tissue, characterize their advantages and limitations for 

the simulations of clinically relevant phenomena and identify their key properties. 

 To design and develop such models of the electrophysiology of heart atria, by which 

the mechanisms of disorders of heart rhythm (arrhythmia) as well as clinical 

procedures of their assessment can be simulated and studied in a time scale allowing 

for real-time interaction; 

 To test the applicability of the developed computer models for the simulation of the 

results of real measurements performed during electrophysiology studies and ablation 

procedures at the clinic. 

Original contributions of the Thesis: 

 Modification of the previously formulated van der Pol-Duffing equation ([15,16]) to 

allow the modelling of the sinoatrial and atrio-ventricular node in a full atrial 

model(Part 3 Section 1)  

o A comparison of the properties of Liénard-class [17] nonlinear 

phenomenological models of cardiac tissue with physiologically based Morris-

Lecar model [18] (Part 3 Section 1.7) 
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 Design and implementation of simulations of atrial tissue for the study of specific 

clinical procedures (Part 3 Sections 3-4) 

o Simulation and assessment of the post pacing interval measurement in the 

entrainment localization technique [19] of re-entrant atrial arrhythmias during 

an electrophysiological procedure (Part 3 Section 3) 

o Simulation of chosen, common atrial arrhythmias (Part 3 Section 2,4)  

 Design of a three dimensional model of both atria, based on real human atrial anatomy 

and example application to simulations of re-entrant atrial arrhythmias entrainment 

localization technique (Part 3 Section 4) 
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Part 1. Background and introduction    
 

1 Anatomy, electrophysiology and function of the heart  

1.1 Anatomy and function of the heart 

The heart is a muscular organ that pumps circulatory fluid through the body of an animal. 

In vertebrates, the heart pumps blood through a network of blood vessels – circulatory system. 

The circulatory or cardiovascular system is an organ that serves as a means of transport 

system for blood, oxygen and nutrients, stabilizes the pH and temperature and maintains 

homeostasis [1]. The earliest known correct description of the circulatory system and the heart 

was found in the Ebers Papyrus in Egypt [20] from 16th century B.C. 

In mammals (including humans) and birds the heart is divided into four separate chambers: 

the right ventricle and the right atrium (commonly referred to as the right heart) and the left 

ventricle and atrium (the left heart) [21,22]. The heart functions similarly to a double pump. 

The left heart is pumping oxygenated blood to the body, while the right heart is pumping the 

deoxygenated blood to the lungs. Because the volume of the circulatory system of the lungs is 

smaller, the right heart is smaller and less powerful than the left counterpart. The atria are the 

receiving chambers that lead the in-flow of blood to the discharging chambers – the ventricles 

(Figure 1.1). The atria are connected to the ventricles by the atrioventricular valves that 

prevent a reverse flow of blood during the inflow of blood into the atria and the discharge of 

blood from the ventricles.  
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Figure 1.1 – A schematic presentation of the anatomy of the heart. Common abbreviations of 
anatomical structures’ names were marked in grey italic font. 

The pump function is provided by a rhythmic, oscillatory contraction of the heart muscular 

tissue and is determined by oscillatory changes of the physical properties of heart muscle 

tissue [1]. The rate of the heart contraction – the heart rate – ranges from around 20 beats per 

minute in codfish to more than 600 beats per minute in hummingbirds [23].  In humans, the 

normal heart rate is around 72 beats per minute at rest. The heart begins to form at around 18 

to 19 days after fertilization [24]. The heart is the first functional organ that develops in 

humans. It starts to contract and pump blood around the 22nd day of pregnancy [25]. 

The heart muscle is a heterogeneous structure, both at the cellular and the anatomical level. 

On the cellular level, there are various types of cells and structures, each with different 

functions. The heart muscle is comprised of the inner or endocardial layer (closest to the 

cavities of the heart chambers), the myocardial layer and the outer or epicardial layer. In the 

heart muscle, the primary working cell type providing the contractions are myocytes 

(cardiomyocytes), which are only 40% of the total heart muscle cell population, but fill 
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around 75% of its volume. A special type of cardiomyocytes are the pacemaker cells, which 

initiate each contraction of the heart from a localized place in the heart called a node. 

Myocytes are built upon a highly organized collagen framework which forms a connective 

tissue skeleton maintaining the structure of the heart [26]. Another type of cells of the heart 

tissue are the fibroblasts - the largest cell population in the myocardium [27]. The primary 

function of the fibroblasts is to produce structural proteins that form the collagen matrix [28]. 

All regions of the myocardium have fibroblasts, however, the concentration of the fibroblasts 

is non-uniform and varies between different regions [29].  The hyperactivity of cardiac 

fibroblasts can result in a condition known as fibrosis, that has adverse effects on the cardiac 

structure and function and is pro-arrythmogenic [30].  

Other than myocytes, fibroblasts and collagen fibres in the heart tissue there is a network 

of coronary veins that provide blood support to the muscle, and endothelial cells providing a 

protective lining of the endocardial and epicardial tissue [25]. As most of the cells in the heart 

muscle are elongated along one dimension, a complex cell orientation pattern can be observed.  

1.1.1 Anatomy of the heart atria  

There is a strong link between the anatomy of both of the atria and the physiological 

excitation sequence [11]. Blood enters the heart through the atria. Contractions of the atria 

facilitate blood inflow to the ventricles [22].  Both atria have a thin-walled structure (around 

3 mm), much thinner than the ventricles ( 5 – 20 mm) [22].  

The right atrium (RA) has four main components – the appendage, the venous part and the 

vestibule (Figure 1.2 & Figure 1.3). The fourth component – the septum – is shared between 

left and right atrium. The most important structure of right atrium is the sinoatrial node - the 

main pacemaker of the heart. It is situated near the entrance of the Superior Vena Cava 

(Figure 1.3), in the smooth part of the atrium surrounding the openings of the Inferior and the 

Superior Vena Cavae (IVC and SVC, the two main entrance points of blood into the atrium) 

and the Coronary Sinus (CS, the vessel that collects blood from the heart muscle through 

smaller coronary veins) [22]. The right atrium has a distinctive, triangular appendage, in 

which rough trabeculae muscles (a comb-like muscle structure) are found (Figure 1.4). Their 

branching and overlapping arrangement may play a role in supporting re-entrant arrhythmias 

[22].  Another important structure is the tricuspid annulus, containing a valve between the 

ventricle and the atrium. Around the tricuspid annulus, the activation may travel around 

forming an arrhythmic loop – such a state is called an atrial flutter (Part 1 Section 2.3.2).  
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Figure 1.2 – Anterior view of the human heart atria. Picture prepared by the author based on the real 
human atrial geometry from Computed Tomography scan (CT), obtained from Paweł Kuklik, Royal 
Adelaide Hospital [31]. This geometry is later used in this Thesis to build the computational grid in 
the simulation of atrial electrical activity in 3D. Common abbreviations of anatomical structures’ 
names were marked in grey, italic font.  

The left atrium (LA) is a cavity into which venous component receiving the blood from 

pulmonary veins open (Figure 1.3). There are usually four pulmonary veins entering the 

atrium, two on the left and two on the right side. It also has an appendage, as the right atrium, 

although smaller and with a narrowly defined junction with the main atrial body [22]. The 

main arrythmogenic structures in the left atrium are at the entrance points of the pulmonary 

veins. They play a major role in atrial fibrillation and are the usual target of atrial fibrillation 

ablation treatment [32].   

The LA has a diameter of 3.7 cm [11,22]. The range of RA short axis diameter and right 

atrial long axis diameter are 1.34 – 3.80 cm and 2.4 – 4.7 cm respectively [33]. The atria are 

connected via multiple interatrial Bridges with Bachmann’s bundle (BB) as the most 

prominent one, with a high variability of the interatrial bundles between individuals [11]. The 

wall of the human atria has a reported thickness between 1 and 3-4 mm [11,22]. 
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Figure 1.3 – Posterior view of the human heart atria. Picture prepared by the author based on the 
real human atrial geometry from Computed Tomography scan (CT), obtained from Paweł Kuklik [31]. 
This geometry is later used in this Thesis for the computational grid in the simulation of atrial 
electrical activity in 3D. Common abbreviations of anatomical structures’ names were marked in grey 
italic font. 

 

Figure 1.4 – Anatomical structure of atrial free walls in a goat - the endocardial, backlit view of the 
atrial preparation (Adapted with permission from [34]). (A) The atria were opened up and stretched to 
display the complex, non-uniform structure of atrial wall. Dark areas present the endocardial 
trabecular muscles; lighter areas present the epicardial layer. CT - crista terminalis; IAS - interatrial 
septum; RAA and LAA, Right Atrial Appendage and Left Atrial Appendage; SVC - Superior Vena 
Cava. (B) Transverse section of the both right and left atrial walls. The thin epicardial layer with the 
underlying trabeculae muscles is visible 
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1.2 Electrophysiology of the human heart 

The contractile force produced by the heart muscle tissue is an effect of a physiological 

process in which electrochemical stimuli are converted into a mechanical response in 

cardiomyocytes. Cardiomyocytes are able to produce and to respond to electrochemical 

signals. They have the property of excitability, which is an ability to undergo a change of the 

ionic concentration on both sides of their cell membrane resulting in a rapid change of the 

potential difference measured across the cell membrane (the membrane potential).  The event, 

during which the membrane potential rapidly increases and decreases following a consistent 

pattern in the time, is called an action potential. Cardiomyocytes are negatively polarized in 

reference to the extracellular space. The resting potential difference measured inside and 

outside the cardiac muscle cell in humans is between -85 and -95 mV [2]. The excitation of 

the cardiomyocytes can be induced by an action potential from adjacent excitable cells or 

externally by an electrical depolarizing impulse (i.e. one increasing the potential at the cell 

membrane). Adjacent cardiomyocytes are electrically coupled by gap junctions. Gap 

junctions connect the cytoplasm of two neighboring cells, allowing various molecules and 

ions to pass through a regulated gate from one cell into another [2]. The change of the ionic 

concentration due to the excitation of the cardiomyocyte results in a complex process that 

results in a contraction of the cell and a transient polarization up to +20mV. 

As the cardiomyocytes are electrically coupled and can excite one another, the action 

potential can propagate through the cardiac muscle in the form of an excitation wave (often 

called an activation wave). In other words, the heart muscle cell can transfer action potentials 

to its neighbours. The propagation of the activation wave evokes a synchronized contraction 

of the cardiac tissue [35]. It is controlled and triggered by the cardiac conduction system. 

1.2.1 Cardiac conduction system 

Cardiac conduction system cells have the ability to spontaneously generate as well as conduct 

action potential [2]. The conduction system consists of the following structures (Figure 1.5): 

 Sinoatrial node (SAN), situated near the exit of the Superior Vena Cava; 

 Atrio-ventricular node (AVN), located in the right atrium, near the opening of 

the Coronary Sinus, inside the interatrial septum; 

 Bundle of His, located between the atria and ventricles; 

 Purkinje fibres, positioned on the inner part of ventricular wall. 
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Figure 1.5 – Schematic presentation of the conduction system of the heart. Common abbreviations of 
the elements of the conduction system of the heart are marked in grey italics. 

In each of these structures, the cells have slightly different electrochemical properties, 

however, they all have the property of autorhythmicity – they are capable of a spontaneous 

generation of the action potential. Similarly, as the normal cardiomyocytes, the cells of the 

conduction system are negatively polarized. The resting potential in the sinoatrial and the 

atrioventricular node just after the end of the action potential is between -60mV to -70mV and 

gradually increases with the time. When the membrane potential reaches around -40 mV, a 

spontaneous action potential is generated [2]. Cells with the highest firing frequency act as the 

main pacemaker of the heart and are said to initiate the heartbeat. In the normal cardiac 

rhythm, the main pacemaker is the Sinoatrial Node. Other parts of the conduction system, the 

Atrioventricular Node. and the His-Purkinje system may also spontaneously fire, but at slower 

rates than the sinoatrial node and in a normal situation their firing is suppressed.  

In humans, propagation initiated in the SAN spreads through the cardiomyocytes in both 

atria, initiating their contraction. The contraction of both atria is nearly simultaneous due to 

specialized muscle connections between two chambers. After propagating through the atria, 
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the action potential reaches the atrio-ventricular node, a small structure located between all 

four chambers of heart.  It is the only location, where, in normal heart, the atrial and the 

ventricular muscle tissue are electrically coupled. After passing the atrio-ventricular node, 

through the left and right His bundles the activation wave spreads into a branching network of 

His-Purkinje fibres that rapidly passes the activation through the ventricles tissue, initiating 

their contraction. After the ventricles contract, the activation wave naturally disappears during 

self-collisions in the closed space of the ventricles, allowing the cardiac muscle to reverse the 

contraction and enable the filling of the chambers with new blood.  

Every disturbance of this activation sequence of cardiac tissue is described as arrhythmia and 

can be harmful for health and life as it impairs the function of the heart as a pump. This also 

includes a pathologically premature or late triggering of the activation by the sinoatrial node. 

 

Figure 1.6 – The normal activation pattern of the cardiac cycle, adapted with permission from [25]. 
(1) The cardiac conduction system as well as all cardiomyocytes are at rest (2) The Sinoatrial Node 
(SAN) initiates the propagation of the action potential, which spreads through both atria. (3) After 
propagating through atria, the action potential reaches the atrio-ventricular node. A delay of 
approximately 100 ms occurs, to allow the full contraction of the atria and the filling up the ventricles 
with the blood. (4) Then, the action potential is transmitted through the His-Purkinje fibres network 
(5) The pulses from Purkinje network activate the ventricular cardiomyocytes and evoke ventricle 
contraction (6). 
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1.2.2 Sinoatrial node  

The sinoatrial node (SAN) is the natural pacemaker of the heart [23]. It was discovered by 

Martin Flack over 100 years ago in a village in Kent county in England. He discovered an 

interesting nodal structure in the heart of a local mole. This discovery was described in 1907 

in the  Journal of Anatomy and Physiology [36]. Despite the abundant research of cardiac 

pacemaker cells and of the sinoatrial node in particular, since that discovery the 

electrophysiological properties of SAN are still not fully understood [37,38]. Recent studies 

show, the influence of the restitution of the cycle length on SAN activity [39] (see Part 2 

Section 1.2.2), and indicate effects of mechanical contractions on SAN function [38]. 

In humans, SAN is an elongated tadpole-shaped structure [22] with a head and a long tail. 

It has a mean length of 13.5 mm [22].  The frequency of firing of the sinoatrial node is 

moderated constantly by the activity of the autonomic nervous system, breathing and blood 

pressure - all connected by complex feedback loops [40]. 

The sinoatrial node is a complex, heterogeneous structure, with function depending on this 

complexity. In mammals, SAN is composed of thousands of pacemaker cells [2,40]. 

Sinoatrial cells are smaller and thinner than the regular myocytes, and almost empty inside 

[37].  In some mammals, a gradual transition of the cell type from the central SAN region to 

the periphery region was reported [37]. The node is supplied with abundant nerves endings 

from the sympathetic and parasympathetic branches of autonomous nervous system [37]. 

SAN cells undergo natural depolarization from 60 to 100 times per minute, but the 

depolarization of all cells is not simultaneous. The region of the fastest depolarization within 

the SAN is not fixed and its location depends on the autonomic innervations activity [37]. In 

SAN abundant connective tissue is present between the nodal cardiomyocytes [41]. SAN is 

surrounded by regions containing fibroblasts devoid of myocytes, partially electrically insulating 

this region.  

1.2.3 Atrio-ventricular node (AVN) 

In a normal heart, the electrical coupling between the atria and the ventricles occurs only 

via the atrio-ventricular bundle which penetrates the fibrous central wall between the upper 

and lower chambers of the heart [22]. The atrio-ventricular node (AVN) lies at the 

anatomical structure called the triangle of Koch, near the edge of tricuspid valve. AVN is 

shaped like a knob with two rightward and leftward extensions on the inferior side [22]. It has 
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approximately a 5 mm mean diameter and is surrounded by a zone of transitional cells. It is 

anatomically partly isolated from the rest of the atrial tissue. Such isolation forms at least two 

pathways that can lead action potential into the nodal area [22], and is a substrate to several 

arrhythmias, like Atrio-Ventricular Nodal Re-entry Tachycardia (Part 1Section 2.3.4). 

The atrio-ventricular node is responsible for the delay of the contraction of the chambers 

between the atria and ventricles by slowing the conduction velocity of the activation 

propagation. In case of a pathological, rapid activation of the atrial tissue (such as during 

atrial fibrillation), the AVN acts as a filter, conducting only some of the action potential 

received, to prevent a too high frequency of ventricular contraction that would hamper 

effective blood pumping. The atrioventricular node spontaneously depolarizes at a rate of 

approximately 2/3 of that of the sinoatrial node firing rate (approx. 50 times per minute). In 

sinus rhythm, the AVN is suppressed due to the quicker firing rate of the SAN. AVN activity 

reappear only during pathological states [42].  
 

2 Theory of the electrophysiological basis of arrhythmias  

The response of a single cardiomyocyte to the intracellular current injection is a nonlinear 

function of the timing and amplitude of the stimulus [43]. This response function is 

characterized by the two most fundamental nonlinear properties of cardiac cells: excitability 

and refractoriness. Both are the two necessary attributes for the system to exhibit an 

activation wave propagation [43]. Excitability characterizes the response of the cardiac cell to 

the stimuli of different amplitudes. Refractoriness characterizes the response to stimuli of 

different timing. A precise knowledge of the cell functioning is, necessary to understand the 

regulation of these phenomena. The mechanisms underlying the excitability and 

refractoriness of cardiac cells are related to the activity of the ion channels and pumps located 

in the cell membrane.  

The behaviour of a single channel can be described accurately by stochastic models - the 

description of this behaviour is often successfully simplified using the theory of Markov 

processes [44]. However, typical cells contain on the order of 1000 ionic channels and pumps 

of each type, so an alternative, effective way of describing cell behaviour is the use of 

deterministic equations [40]. 
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2.1 Cellular phenomena 

2.1.1 Action potential 

The activation of cardiac tissue involves the excitation of individual cardiomyocyte cells 

and the cell-to-cell conduction through a gap junction between adjacent cells. Generation of 

the action potential during excitation is a regenerative process. This process is transmitted 

through the tissue by a flow of ionic charges. Such behaviour is characteristic for a broad 

class of reaction-diffusion processes [45,46].  

In the process of cardiac cell activation three functional states are the most important: 

- the resting state, in which the cell is able do depolarize under an external or cell-to-

cell, supratreshold stimulus (or automatically, for the pacemaker cell). 

- the absolute refractory state, during which a cell cannot depolarize under external or 

cell-to-cell stimulation.  This state occurs and lasts for almost all the time from the 

depolarizing upstroke to the repolarizing slope of the action potential. 

- the relative refractory state, during which the cell can be depolarized by a sufficiently 

large external stimulation. It cannot depolarize under a small external stimulation or a 

cell-to-cell stimulation.  This state appears at the end of action potential duration and 

changes into the resting state shortly after. 

The period of time, in which a cell cannot depolarize due to cell-to-cell stimulation from 

adjacent cells is called effective refractory period (ERP) and almost coincides with the 

absolute refractory state. 

Electrochemical state of a cell is a function of ion concentration inside and outside the cell. 

Change of this state may occur due to the exchange of ions through lipid structures, placed 

within the membrane of the cell. These structures (ion channels, ion pumps etc.) are 

specialized in the transport of ions and are able to regulate it. The synchronized opening and 

closing of many ion channels and pumps of many types leads to the change of electrical 

potential on the membrane, and produces the action potential – an electrochemical signal in 

the muscle of the heart. The cell’s membrane can be treated as a capacitor (as it separates the 

charges with an insulated lipid layer). Thus, the transmembrane potential difference  can be 

modelled by the following relation: 

  (1)



24 
 
 

where  is the charge on one side of the membrane and  represents the capacitance of the 

membrane. After differentiating in time: 

 1
 

(2)

where ∑  is the sum of the currents that flow through the cellular membrane. 

Traditionally, five phases of the action potential are distinguished (Figure 1.7). In phase 

zero – depolarization phase – a rapid upstroke of action potential occurs and a quick change 

of membrane potential from around - 80 mV up to 25 mV can be recorded. In phase 1 (non-

existent in the pacemaker cells) the membrane potential decreases to around 0 mV and attains 

a plateau phase, lasting up to hundreds of milliseconds. During the third phase, cell polarizes 

slowly back to the resting potential. The stable resting phase (also non-existent in the 

pacemaker cells) is referred to as phase four. 

 

Figure 1.7 – Electrical response (Action potential) of the cardiomyocyte. (A) Response to a small, 
subthreshold stimulation does not produce a fully formed action potential (B) Suprathreshold 
stimulation evokes the action potential, which starts with a rapid upstroke. Absolute and refractive 
refractory period are presented. 0-4 are five phases of the action potential – for explanation see text.  

The generation of the action potential of a cardiomyocyte is accomplished through an 

interplay between nonlinear membrane ionic currents and the ions inside the cell [47]. It 

reflects the sequential activation and inactivation of ion channels and pumps that can conduct 

specific ions through the cellular membrane into the cell and out of it. Heterogeneity of the 
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ion channel properties in different regions of the heart results in a regional dependence of the 

action potential waveform [48] (Figure 1.8). It is most prominent in a pacemaker, the nodal 

cells of SAN and AVN, where cells do not have a stable resting potential and undergo 

spontaneous depolarization over time at an approximately steady rate. 

 

Figure 1.8 – Schematic picture of a human heart with the visualization of typical action potential 
waveforms recorded at different regions of the heart (modified from [49]).  

The dynamics of the generation of the action potential in a cardiomyocyte depends on the 

timing and amplitude of the cell stimulation, either cell-to-cell or external [43]. Specifically, 

the most important feature of the dynamics is the rate dependence of cell refractoriness. Cell 

activated with a smaller frequency will have a different duration of effective refractory period 

than the same cell activated with a larger frequency.  

2.1.2 Action potential duration restitution 

Restitution of the action potential duration (APD) can be understood as a functional, often 

non-linear relationship between the action potential duration and the length of the resting, 

diastolic interval (DI) preceding it [50]. The action potential duration restitution reflects a 

non-linear adaptation to changes in the stimulation rate (whether external or natural, coming 

from the natural pacemaker): a small change in APD during low-frequency stimulation (long 

DI), and the visible shortening of the APD during rapid stimulation (short DI). 

Mechanistically, restitution occurs because at fast stimulation rates not all ion channels are 

able to recover from inactivation fully before the next action potential occurs, resulting in a 

decreased current [51,52]. An example of action potential duration restitution for the Luo-

Rudy model [53] is presented in Figure 1.9. 
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Figure 1.9 –A voltage trace in time for the Luo-Rudy model [53] is presented. Two External stimuli 
are delivered into the single cell model with different time difference in between (CL = 400:500 ms). 
In a response to stimuli with shorter CL, Action potential duration (APD) has shorter duration. 

2.2 Tissue phenomena 

2.2.1 Activation wave as an excitable medium phenomenon 

Every myocyte cell is connected with neighbouring cells by connexins (gap junctions) – 

special proteins enabling various molecules including ions to directly pass between cells [54]. 

During a depolarization of the cell, the action potential causes a difference between potentials 

of the connected cells, which consequently results in the flow of ions through connexins and a 

depolarization of the neighbouring cells. This leads to the creation of an action potential 

wavefront (excitation or activation wavefront) that travels through the cardiac tissue.  

The capacity of myocytes to propagate a wave of excitation together with the property of 

refractoriness are characteristic for a class of nonlinear dynamical systems called excitable 

media [55]. The mathematical description of the dynamical processes in an excitable medium 

can be represented in the form of a reaction-diffusion system [56]: 

 , ,  (3)

. . . .  are the macroscopic variables, which evolution is governed by the reaction-

diffusion term. The term ,  represents the reaction term – typically non-linear and 

system dependent. In case of cardiac tissue model, it represents internal processes inside the 

cell that lead to the creation of the action potential. The term  represents the 
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diffusion term with – the diffusion coefficient, describing the diffusive spread of the 

reactive quantity (action potential in case of cardiac tissue). The  are external actions 

varying in space and time, which can be used to initiate the excitation waves – such as an 

external stimulation of the cardiac tissue [57]. 

In the absence of spatial degrees of freedom, equations (3) reduce to a set of coupled 

nonlinear ordinary differential equations (ODE), representing intrinsic dynamics of the 

system [57]. Complex behaviour appears even when the number of variables is limited. Many 

phenomena may be modelled by a small number of ODE and a limited number of parameters. 

When spatial degrees of freedom are present (non-zero ) equations (3) define a set of 

partial differential equations (PDE). In such a system, an abundance of spatial and 

spatiotemporal patterns can emerge. For the electrophysiological phenomena in the heart, the 

most important feature of reaction-diffusion systems is the possibility to generate wavefronts. 

In the presence of locally oscillating or excitable kinetics, the front may take unexpected 

forms, from cylindrically symmetric patterns to spiral waves [57]. 

2.2.2 Dynamics of the propagation of activation waves 

An activation wave in the heart tissue propagates with a certain conduction velocity, 

dependent on the properties of the medium as well as the properties of the wavefront itself. 

The medium affects the velocity through a change of depolarization kinetics, the connectivity 

(expressed by the form of diffusion term in the reaction-diffusion model), and the geometrical 

arrangement of cells and connections [2,51,58–60].  

Conduction velocity depends also on the wavefront curvature [2] – the more concave the 

wavefront, the faster it propagates. Moreover, the architecture of cellular connections can 

affect the conduction velocity through the following source-sink phenomena. Propagation of 

the electrical impulse requires a sufficient source of depolarizing current [61] from the 

depolarized region for the inactive region to be activated. In the case of a discontinuous 

distribution of connectivity, or when a small strain of tissue connects to a larger region, a 

source-sink mismatch may appear. In the case of a mismatch, the activated tissue (source) is 

not able to deliver enough depolarizing current to trigger an action potential in the (usually 

larger) non-activated tissue (sink) [61]. The distribution of cellular source-sink relationships 

plays an important role in cardiac propagation. This may lead to conduction slowing and 

block as well as wave fractionation [62]. 
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2.2.3 Main types of activation wave in the cardiac muscle 

Since most of the basic phenomena in cardiac tissue occur in two dimensions (the 

thickness of the muscle layer is much smaller than the tangent dimensions, especially in the 

atria), in this section only two dimensional waveforms will be presented. For a review of 

wave propagation phenomena in models with different dimensionality, including thick active 

media see [63]. 

In a finite, low dimensional excitable medium four basic forms of the wavefront can be 

observed [2,64]: 

A. Planar wavefront is a wave with a linear wavefront. Such shape is often a 

simplification of a small area of a curved wavefront of a spreading wave 

B. spreading or circular wavefront will originate at a single point and spread outwards. 

Usually, the central part of the wave was either stimulated externally, by a natural 

pacemaker or it underwent a pathological depolarization (e.g. from an ectopic source), 

C. re-entry wavefront circulating around an anatomical obstacle or an inactive tissue area 

D. spiral wavefront circulating around an area of refractoriness created by itself. In some 

closed uniform topologies like a sphere, there have to be two spiral waves to agree 

with the law of conservation of the topological charge [65]. Spiral waves underlie 

some arrhythmias and are believed to be the cause of atrial fibrillation[66,67]. 

The basic forms of wavefronts are presented in Figure 1.10. 

 

Figure 1.10 – Basic forms of wavefront in two dimensional active medium resembling cardiac tissue. 
(A) planar wave (B) spreading (circular) wave (C) re-entry wave (D) spiral wave. 

2.3 Main atrial arrhythmias 

Cardiovascular diseases are the leading cause of death worldwide [3,68]. The most 

dangerous are the ones that cause problems with blood circulation. Common reasons for 

impaired pump function originate in a pathological electrical activity in the heart tissue. It can 

cause abnormal contractions resulting in a non-efficient transport of blood and irregular heart 
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rhythm – thus called arrhythmia. Below a brief description of several, chosen major 

arrhythmias associated with poor cardiac electrical activity in the atria is presented. 

2.3.1 Supraventricular tachycardia 

Supraventricular tachycardia (SVT) is a class of arrhythmic behaviours that originate at or 

above the atrioventricular node. It is an arrhythmia in which atrial contraction rate increases 

up to 250 beats per minute or, rarely, more [2]. In the case of SVT, the pump function -  

though impaired - is still sufficient, as the ventricles undergo contractions of normal 

morphology. There are different types of supraventricular tachycardias, although a few most 

frequent can be distinguished: 

 Atrial flutter (Part 1 Section 2.3.2)  

 Atrial fibrillation (Part 1 Section 2.3.3) 

 AV nodal re-entrant tachycardia (AVNRT, Part 1 Section  2.3.4) 

 AV reciprocating tachycardia (AVRT, Part 1 Section 2.3.6)   

2.3.2 Atrial flutter (AFL) 

Although sometimes atrial flutter (AFL) may not have visible symptoms, most commonly 

it produces a feeling of palpitations [69]. Atrial flutter causes an increase in the heart rate (or 

pulse rate). However, in people not used to physical activity, elevated heart rate can cause 

breathing problems, chest pains, nausea, fainting or feeling of impending death. It may occur 

spontaneously in people with otherwise normal hearts. It is typically not a stable rhythm, and 

frequently degenerates into atrial fibrillation (AF).  

Atrial flutter is caused by a re-entrant wavefront that appears in either the right or left 

atrium. The trigger of the wavefront may be different from patient to patient, varying from a 

premature electrical impulse arising in the atria to a sudden conduction block in a certain 

region leading to the formation of a re-entrant wave. As the rotation period of the re-entrant 

wave is usually faster than the sinoatrial node activity, flutter causes an increased heart rate. 

A common consequence of repeating episodes of atrial flutter for a prolonged time is 

impaired atrial contraction, which no longer effectively pump blood. This can lead to the 

formation of blood clots in the atria due to a slow blood flow. This is dangerous as it leads to 

a mechanical induction of ischemia in other parts of the body including the brain (stroke) [2]. 

The most common type of atrial flutter appears in the right atrium passing through 

the cavo-tricuspid isthmus - a body of fibrous tissue in the vicinity of the tricuspid valve 
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(Figure 1.11). It is often referred to as typical atrial flutter. It can be further divided into two 

subtypes, known as Counterclockwise Atrial Flutter and Clockwise Atrial Flutter depending 

on the direction of current passing through the loop (compare with Figure 1.11).  

 

Figure 1.11 – Typical atrial flutter circuit [6]. Red arrows represent the activation direction. Blue 
arrow represents the cavotricuspid isthmus, the narrowest part of the circuit. Yellow arrows represent 
passive activation of atrial tissue. Typical flutter involves a circuit around the tricuspid annulus. 
(Reprinted from The Lancet, Vol. 380 number 9852, Lee G. Sanders P and Kalman, JM Catheter 
ablation of atrial arrhythmias: state of the art., pages 1509-19 with permission from Elsevier) 

 

Figure 1.12 – Atypical flutter circuits [6]. Red arrows represent the activation direction. Yellow 
arrows represent passive activation wavefronts. Grey areas represent areas of electrical. Perimitral 
flutter (A) involves a circuit that rotates around the mitral annulus. Posterior atrial scarring (grey 
areas) e.g due to atrial disease results in regions of slow conduction, which allow for the development 
of this arrhythmia. Left atrial flutter (B) can also involve circuits around the pulmonary veins. 
Atypical flutter circuits can also form around suture lines and scar tissue from previous atrial surgery 
(C). ASD=atrial septal defect. (Reprinted from The Lancet, Vol. 380 number 9852, Lee G. Sanders P 
and Kalman, JM Catheter ablation of atrial arrhythmias: state of the art., pages 1509-19 with 
permission from Elsevier)  

Atypical atrial flutter is characterized by a wavefront not travelling around the tricuspid 

annulus, and it can take on many forms (Figure 1.12). It can originate in the right or the left 
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atrium around anatomical obstacles (e.g. fossa ovalis, superior vena cava, pulmonary veins), 

It can also be an incisional flutter where the re-entrant circuit is formed around surgical scars, 

frequently seen in patients with a history of surgical correction of congenital heart diseases.  

2.3.3 Atrial fibrillation 

Atrial fibrillation (AF) is the most common, sustained arrhythmia in humans, with 

indications of ~1% of population affected ([3,70]). AF is related to rapid, irregular electrical 

activity in the atria impairing their mechanical function and increasing the risk of clot 

formation. AF starts with short fibrillatory episodes, which become longer in time and 

eventually degenerate into sustained form – persistent AF [71]. There is no scientific 

agreement regarding the electrophysiological mechanism of sustained forms of AF, with 

many research centres and medical companies involved into ongoing discussions [66,72–74]. 

The discussion is fuelled by recent abundance of studies on spiral waves (rotors) in human AF 

and centred on the contradicting hierarchical rotor paradigm [66,67,75–77] and anarchical 

diffuse activation [34,72,78–80]. Narayan et al. reported repeatedly long lasting localized 

sources driving persistent AF recognized as ‘rotors’ [77]. They are defined as a phase 

singularity driving the surrounding tissue via spiral waves [67]. Despite ongoing research and 

development, specific patterns of electrical activity driving AF are unclear and, due to 

technological limitations, very difficult to map experimentally (Figure 1.13). 

 

Figure 1.13 – Multiple theories on wave conduction pattern during Atrial Fibrillation. Lack of 
understanding of the specific wave conduction pattern is believed to be the cause of the suboptimal 
treatment of this arrhythmia (figure provided by Arne van Hunnik, Maastricht University, The 
Netherlands).  
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2.3.4 AV nodal re-entrant tachycardia (AVNRT or junctional reciprocating tachycardia) 

Atrio-ventricular nodal re-entrant tachycardia (AVNRT) can cause breathing problems, 

chest pains, fainting or a feeling of impending death, as in the case of atrial flutter or even 

atrial fibrillation, thus making it difficult to diagnose without a proper examination [81].  A 

re-entry circuit is formed in the region next to the atrioventricular node [82]. The circuit 

involves two or more anatomical conduction pathways that lead to AVN node. The two most 

common are referred to as the fast and the slow pathway (Figure 1.14). 

 

Figure 1.14 – Schematic picture of the right atrium, where slow and fast conduction pathways. 

There are two types of AVNRT, depending on the direction of conduction in the circuit. In 

the type I AVNRT or slow-fast AVNRT action potential propagates in the direction of AVN 

through the slow pathway and turns into opposite direction through the fast pathway. In the 

type II AVNRT (fast-slow), propagation through the circuit is reversed. 

2.3.5 Atrial parasystole 

Atrial parasystole is a supraventricular arrhythmia caused by the presence of a secondary, 

ectopic pacemaker in the atrium, which operates independently of the SAN and is not 

suppressed by its activity [81]. Usually, the period of the parasystole is smaller than that of 

the sinus rhythm.  Parasystolic pacemakers are protected from depolarization by the SA node 

by some kind of complete or incomplete action potential entrance block [83]. Well-

documented cases of atrial parasystole are rare, as this is an uncommon type of arrhythmia, 

however it has been observed rarely after ablation of Atrial Fibrillation [84–86]. 
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2.3.6 Atrio-ventricular reciprocating tachycardia (AVRT) 

Atrioventricular reciprocating tachycardia (AVRT) is a repetitive re-entrant tachycardia 

similar to AVNRT. A normal ventricular excitation via the atrioventricular node is followed 

by a delayed reverse excitation of the atria via a pathological, retrograde pathway from 

ventricles [2]. The effect may be interpreted as due to the existence of an ectopic source in the 

atria triggered by a ventricular activation, after a fixed delay. Most commonly it occurs in the 

Wolff-Parkinson-White syndrome (WPW). In WPW [22], an accessory, pathological 

pathway connecting the lower and upper chambers of the heart allows an activation wave 

from the ventricles to enter the atria. It leads to premature contractions and a faster 

stimulation of the ventricles. From the point of view of simulation, the phenomenon may be 

described as a ventricular triggered ectopic source driving the right atrium [81]. Complex 

dynamics of the AV node in this arrhythmia was studied experimentally by Christini et al.  

[87]. He showed that an alternans of the conduction time may appear during AV orthodromic 

reciprocating tachycardia (ORT, one ot the forms of AVRT)   

3 Clinical electrophysiological study and treatment of arrhythmias 

Measurement, analysis and manipulation of electrical activity of the heart became over the 

years a fundamental diagnosis and treatment approach, growing into a big branch of the 

medical specialty of cardiology called clinical cardiac electrophysiology. 

Electrophysiologists work closely with cardiologists and surgeons and are trained to perform 

interventional surgical procedures to treat cardiac arrhythmias [13].  

Technological development of steerable catheters small enough to be put inside heart 

chambers through femoral vessels allowed to record electrical activity directly from the heart 

tissue in form of electrograms (Figure 1.15A). In clinics, such measurements are performed 

during an electrophysiological study – a medical procedure involving of an invasive 

(intracardiac) and non-invasive (ECG on chest) recording of electrical activity of cardiac 

tissue, as well as of tissue responses to programmed electrical stimulation [2,6,88]. 

Electrophysiological study is performed to identify arrhythmias, locate arrhythmic sources or 

find pathological substrates that help arrhythmias to develop, and to design treatment. 

Classical measurement of electrical activity from the chest electrodes in 

electrocardiography (ECG) gives a global insight into the sequence of activation of different 
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parts of the heart. The intracardiac measurement of electrical activity, gives more localized 

assessment of the depolarization of the tissue in the vicinity of the recording electrode [89]. 

 

Figure 1.15 – (A) Different types of mapping electrodes on catheters used for intracardiac mapping of 
the electric activity of cardiac tissue (image source: http://biomerics.com/markets/cardiac-rhythm-
management/ablation-catheters/) (B) Electrode array of 256 electrodes used during thoracic surgeries 
in the Maastricht Hospital for the mapping of atrial fibrillation wave patterns 

 

Figure 1.16 – Ablation procedure of the pulmonary vein – schematic representation 
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Another way of insight into the electrical activity of atrial tissue is sometimes used during 

thoracic surgeries. Although never used solely for electrophysiology study purposes, open 

chest surgery can give the possibility of a direct external contact with the epicardial heart 

surface. For that, matrices of electrodes are used to record even 256 consecutive electrograms 

from whole region of the heart [80,90] – see Figure 1.15B for example. 

An electrophysiological study is often done together with a, following procedure called 

ablation. During ablation, a region of cardiac tissue is inactivated to either break the re-

entrant circuit or disable pathological source of activity (Figure 1.16 and Figure 1.17). In 

some cases, like atrial fibrillation, ablation treatment targets common anatomical regions 

known to be play a role in maintaining and triggering re-entrant and spiral waves, either 

because locating the source of arrhythmia is unsuccessful or simply as a precaution. Ablation 

is done using the heat invoked by an RF current injected through ablating electrodes, or by 

applying extreme cold, using catheters designed for cryoablation.  

 

Figure 1.17 - Ablation of paroxysmal atrial fibrillation [6]. (A) Three-dimensional (3D) images of atria from a 
mapping system used for ablation procedure. A cardiac CT scan is done before the procedure and the 3D atrial 
image is imported into the mapping system. Ablation lesions are denoted by red dots. (B) Intracardiac 
electrograms from this ablation. (Reproduced from The Lancet, Vol. 380 number 9852, Lee G. Sanders P and 
Kalman, JM Catheter ablation of atrial arrhythmias: state of the art., pages 1509-19 with permission from 
Elsevier)  
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4 Models of the electrophysiology of the atrial tissue 

To facilitate the simulation of the electrophysiological activity of the heart atria, it is 

necessary to model the behaviour of the action potential of myocytes and of the nodal cells as 

well as the dynamics of activation waves in the atria. In this chapter, models of the tissue 

electrophysiology chosen for this Thesis are introduced. 

4.1 Chosen models of the atrial nodal tissue electrophysiology 

The mechanisms underlying the electrical activity of cardiac cells are related to the activity 

of the ion channels and pumps located in the cell membrane [48]. 

4.1.1 Hodgkin-Huxley equation based models 

The first cell model that was able to reproduce the action potential was described by 

Hodgkin and Huxley [91]. This ionic channel model is the origin of a large group of cell 

models, both neuronal and cardiac, varying in complexity. In this class of models, the 

functioning of ion channels is modelled as a first order kinetic process [92]. Noble’s 

modification [93] of the Hodgkin-Huxley model allowed to simulate action potential 

resembling closely the activity of the Purkinje fibres observed experimentally [93,94]. Further 

studies of the Oxford group (DiFrancesco, Noble et al.) yielded a first model of sinoatrial 

node activity [95]. Many more ion-channel based models were developed for the sinoatrial 

node [96–98] and for the atrioventricular node [99,100]. In most of this research, mainly the 

mechanisms underlying the depolarization of the pacemaker were investigated. The studies 

did not allow for a consensus to be reached on the contribution of the various membrane 

currents to the different action potential phases [101].  

However, in these studies, many interesting results on the interactions between the cells 

and various chemicals or external stimulation were obtained. Boyett et al. [97] presented a 

model of the sinoatrial nodal in order to explain the modulation of pacemaker activity 

different drugs.  Dokos et al. [101] presented a sinoatrial node model for the study of the 

parasympathetic modulation of heart rhythm. Surprisingly, for the cardiac tissue itself almost 

no simple, ionic or conductance-based models were developed, like the Morris-Lecar two-

dimensional neuron model [18] for the barnacle giant muscle fibre. This model proved useful 

for the modelling of fast-spiking neurons, such as the pyramidal neurons of the neocortex [18]. 

The simplest such model of cardiac tissue is a simplification of the Noble 1963 model. Its 

dynamics was described by Duckett and Barkley [94]. Recently, a simple simulation approach 
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used by the group of Fenton and Cherry [102] contributed to the development of a method for 

low-energy control of arrhythmias recently described in Nature by Luther et. al. [103]. 

4.1.2 Phenomenological models 

Different from the classical ionic conductance-based approach of Hodgkin-Huxley and 

simpler is the phenomenological modelling of the pacemaker activity, which was developed 

at the same time. This idea – i.e. applying the properties of nonlinear oscillators models - 

dates back to the beginning of the 20th century when van der Pol and van der Mark modelled 

the heartbeat by three coupled electronic relaxation oscillators [104,105]. They studied the 

generation of different rhythms related to the atrioventricular block.  

Further studies introduced spatial aspects into the modelling. Wiener and Rosenblueth 

introduced the concept of cardiac tissue as an excitable medium [106]. They were the first to 

describe ventricular tachycardia and fibrillation as rotating spiral waves in the tissue. Later 

experimental results (Dong and Reitz, [107]) strongly suggested the possibility that the main 

pacemaker – the sinoatrial node - has the properties of a nonlinear oscillator. The concept of a 

cardiac rhythm directly generated by a pacemaker and modulated by factors like the 

baroreflex control, respiratory rhythmicity and behavioural activity supported this thesis [108]. 

As a phenomenological model of the heartbeat, the van der Pol equations served for a long 

time as a good qualitative basis for heart dynamics, and allowed to study synchronization 

phenomena, coupling and phase response properties of pacemaker cells, even recently [109]. 

The synchronization of rhythms characterized by a chaotic modulation of the oscillator 

frequencies was studied by Dos Santos et. al. [109,110]. The coupling of three van der Pol-

Duffing oscillators representing the SA node, the AV node and the His-Purkinje system 

connected through time delay couplings was studied in [111]. Arrhythmias and conduction 

blocks were modelled using a modified van der Pol equation by Kongas et al.[112] and the 

results agreed well with the measured behaviour of Purkinje cells, while the model yielded a 

bifurcation structure with a period doubling cascade leading to a region of Arnold tongues.  

Both approaches - using nonlinear oscillators and the ionic models are not truly 

independent. The FitzHugh-Nagumo (or the Bonhoeffer-van der Pol) model, mathematically 

closely related to the van der Pol equation, was developed by FitzHugh and Nagumo as a 

simplification of the Hodgkin-Huxley equations. It served for decades as the simplest and a 

robust model for neural and myocyte tissue [113,114]. In fact, FitzHugh and Nagumo, in their 
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model derivation claimed, that it describes the behaviour of the Hodgkin-Huxley equations in 

phase space [108]. There was also a successful attempt by Endresen et. al. [92] to derive a 

SAN cell model from thermodynamical properties of the tissue (similar to the derivation of 

the Nernst equation, but for a non-stationary case). This model was simplified in [115]. 

Usually no direct biophysical relation is associated with the dynamical variables of the 

simple models (i.e. the Van der Pol model [105] or the Aliev-Panfilov model [40]), except for 

the main variable related to the cell membrane potential. Postnov et al. [116] was the first to 

indicate that simple ionic models and phenomenological models have some similarities in the 

structure of their phase portrait as well as in their formulation, like the Morris-Lecar [18] and 

the Hindmarsh-Rose model [117]. He showed that the van der Pol equation, the Morris-Lecar 

and the Hindmarsh-Rose models share a common structure with a large class of two-

dimensional dynamical systems of the form: 

 
, , , , 0 (4)

Where: 

  – variable undergoing oscillations; 

 - represents a set of the control parameters; 

, ,  – arbitrary function responsible for the energy dissipation; 

, ,  – arbitrary function responsible for the force exerted on the oscillator. 

Postnov modified the van der Pol equation to obtain a qualitatively similar phase space as 

that of the Morris-Lecar model. His result, a form of the van der Pol-Duffing equation, 

although not named as such originally, was used after further modifications as a model of 

cardiac nodal tissue in [15,16,111,118]. Many other simple equations share the structure of 

equation 4, for example the FitzHugh-Nagumo equations (Bonhoeffer-van der Pol [113], Li 

Boyett et al. [46], Aliev-Panfilov [119]). However, one can consider a less general type of 

dynamical system than the one presented in equation (4), called the Liénard system or 

Liénard oscillator. The properties of Liénard oscillators have been thoroughly studied [120–

123]. Moreover, Liénard systems include many of the simple models including the van der 

Pol [104] , van der Pol-Duffing [15] the Hindmarsh-Rose [117] the FitzHugh-Nagumo [113] 

and more (Figure 1.17). Note, also, that the Morris-Lecar model [18], the Endresen simplified 

model [92], the Li and Boyett model [46] and the van der Pol-Duffing equation may exhibit 
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different detailed properties depending on their application, while their dynamics remains 

qualitatively the same, since they share a common structure of the phase space. 

In this Thesis, the van der Pol – Duffing model was chosen and further modified to simulate 

the nodal tissue. 

 

Figure 1.18 – Examples applications of Liénard systems in the simulation of biological oscillations.  

4.1.3 Rule-based models 

Due to the low computational costs, cellular automata (CA) are a good candidate for a 

model of both atrial pacemaking and conductive tissue. Very early studies used this approach 

to tackle the problem of atrial fibrillation [124]. Cellular Automata models describe the action 

potential and electrophysiological properties of the tissue by a finite number of states. Major 

cardiac rhythms can be reproduced qualitatively and explained by these models [125], and 

newer CA can exhibit even proper restitution properties [126]. Christensen et al. [127] 

Published in Physical Review Letters a Cellular Automata based model of atrial fibrillation 

substrate, focusing on cell to cell coupling.  
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Cellular automata models were used with success to study internal connectivity network 

and synchronization of nodal cells by Makowiec et al. based on the Greenberg–Hastings (GH) 

cellular automata approach [128–131]. Recently, pacemaker cells were modelled with CA to 

connectivity between the different tissues in the anatomic model by Li and Boyett et al. [132]. 

Hybrid approaches between ODE models and cellular automata were recently introduced to 

enable continuous dynamics modelling in this class of models [133].  

With current state of the art, it seems, that the cellular automata based model could be built 

to fulfil the aims of This Thesis – i.e. to build a simulation of heart atria electrophysiology 

that allows interaction in real time. However, the cellular automata have a limited possibility 

to adjust electrophysiologically relevant parameters (restitution curve shape, excitability 

threshold dynamics), they do not model electrotonic interactions and difficulties arise in 

reproducing the proper wave curvature for the case of conductive tissue modelling [11].  

4.1.4 Detailed models of the atrial tissue electrophysiology 

The first complete models of human atrial electrophysiology that included simulation of all 

known ion channel currents were prepared by Courtemanche et al. [134] and Nygren et al. 

[135], both published in 1998 and based on the same human experimental data. The 

Courtemanche model has 21 independent variables, while Nygren model consist of 29 

variables. They differ in action potential morphology as well as in the restitution curve shape 

(with differences up to 70 ms). However, it is difficult to validate both models as they 

effectively model the functioning of an artificial single-cell system. The differences and 

similarities of both models were compared in detail i.e. in [11,136].  Corrections to these 

models were made by Maleckar et al.[137] Koivumaki et al. [138] and Grandi et al. [139]. All 

of these models are presented and compared in the review by Dössel et al. [11].  

4.2 Models of the conductive tissue of the heart chosen for this Thesis 

The mathematical description of electrophysiology of single cells is mostly based on the 

work of Hodgkin and Huxley and on the further modification of their ion-channel based 

model. Depending on the level of detail required, a set of non-linearly coupled ODEs describe 

the cell membrane and the different ion concentrations [11]. The number of equations varies 

from several up to 30-40 [11].  As a result, the ion channel modelling of muscle tissue 

requires a relatively large number of variables and parameters. These parameters allow 

changing the properties of the simulated tissue depending on the activity of the different ion 

species. Thus, they are useful for e.g. pharmaceutical research.  
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However, to be used for the purpose of simulating clinically relevant situations, the values 

of these parameters should be adjusted so as to obtain action potential duration (APD) 

restitution properties for the normal and a remodelled tissue due to pathology. Restitution 

properties show strong differences from patient to patient and from model to model [139,140]. 

Given the large number of parameters in ion channel models such an adjustment is not an 

easy task. Thus, simpler models, which allow easily to adjust the restitution properties of the 

tissue, are needed to effectively simulate cardiac tissue.  

For the atrial tissue two simple models were chosen: the FitzHugh–Nagumo model (FHN) 

[113] and the Fenton and Karma [141] minimal three variable model (FK3V) of cardiac tissue. 

The FHN is an oversimplified model (it does not represent well the restitution properties of 

the tissue) but has the advantage that its equations belong to the same Liénard class as the 

model for the nodal tissue used in this Thesis. This allows to have a single class of equations 

covering all the types of tissue in the model (working muscle and nodal). The latter model 

(FK3V) has proper restitution properties and still a low parameter space and only 3 variables. 

4.2.1 FitzHugh-Nagumo model 

The FitzHugh–Nagumo (FHN) model is a simplified version of the Hodgkin–Huxley 

model. It was designed to simulate the activation and deactivation dynamics of a spiking 

neuron [113,114]. Being a common example of a relaxation oscillator, the FHN model 

captures the key features of excitable media and is widely used as a simple model of cardiac 

electrical activity.  In the original papers of FitzHugh, this model was called Bonhoeffer–van 

der Pol oscillator, as its mathematical formulation is based on the van der Pol oscillator (the 

van der Pol oscillator can be viewed as a special case of the FHN equation). The equations 

and different parameter sets used in this Thesis can be found in Part 2 Methods Table 2.3. 

4.2.2 Fenton-Karma 3V model 

The Fenton-Karma 3V cardiac action potential model [141] is a three variable model of 

cardiac cell electrical activity. It was designed to reproduce the action potential duration and 

the conduction velocity restitution of cardiac tissue. The restitution properties govern the 

dynamics of the depolarization wavefront and of the conduction (which are fundamental for 

modelling of wave dynamics). The equations and parameter sets used in this Thesis can be 

found in Part 2 Methods Table 2.4.  
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5 Models of the geometry of the atria 

We can divide the models of the atria in to two categories – models that try to reproduce 

the complete atrial structure, or models, that aim to reproduce a certain area or structure 

within the atria. The latter approach usually targets a particular arrhythmia or an 

electrophysiological procedure. The models reproducing complete anatomy are usually used 

to model various arrhythmias. 

The simplest models consist of one-dimensional pathways, that simulate parts of the atrial 

conduction system, such as the model by Inada et al. [100],  used to simulate the atrio-

ventricular nodal re-entry tachycardia. Modelling of the certain area of the heart tissue by a 

simple one-dimensional or a two-dimensional model was historically used early in the 

development of computer models of heart activity in 1989 by Stevenson et al. [142]. He used 

computer simulations of re-entry circuits to assess the effects of pacing on several cardiac 

arrhythmias.  Simple one and two-dimensional models were built in the Cardiovascular Group 

at Warsaw University of Technology [118,143] for the purpose of investigation of AVNRT as 

well as concealed conduction effects in the atrium. These models were used as an entry point 

for the development of the models presented in this Thesis [143].  

Many studies focused on building a geometry that would reproduce the morphology of the 

atria in the best possible way using as simple an approximation as possible. The simplest way 

to do that – and the first one historically – focused on creating a model based on two spheres 

with holes corresponding to the inlets of the veins and positions of the valves [144–147]. Such 

an approach was also reproduced in the Engineering Thesis of Michał Skalmierski supervised 

by Piotr Podziemski using the computational framework developed in this Thesis [148]. 

Recent approaches to reproduce the complete anatomy of the atria are focused on making use 

of the medical imaging modalities such as computational tomography (CT) and magnetic 

resonance imaging (MRI). Medical imaging enabled to generate more realistic geometries and 

open the possibly in the future for a patient specific geometry reconstruction. In Figure 1.19, 

examples of the geometries from the simulations in literature are presented. Recent advances 

in high resolution imaging enabled to introduce histological data into the models such as 

muscle bundle orientation [149]. 
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Figure 1.19 - Models of the anatomy of atria used in literature for computer simulations of human 
atrial electrical activity. A simulation of the activation time during normal sinus rhythm is depicted by 
a colour map on each of the subfigures. (A) simple spherical model by Blanc et al.[144]. (B) the model 
with approximated anatomy by Jacquemet et al.[150]. (C) The model based on computed tomography 
of a canine heart by Ridler et al. [151]. (D) the first model based on the CT scans of human atria with 
thick walls by Harrild et al. [152]. (E) Model based on an MRI atrial scan by van Dam et al. [153]. 
(F) The model based on anatomical data gathered in the Visible Human project by Seemann et al. 
[154] (G) The averaged model of atria by Kuijpers et al. [155]. (H) The monolayer model of atrial 
activation by Wieser et al. [156]. © 2008 IEEE. Reprinted, with permission, from Jacquemet, 
V.  Kappenberger, L.; Henriquez, C.S. Modeling Atrial Arrhythmias: Impact on Clinical Diagnosis 
and Therapies, IEEE Reviews in Biomedical Engineering, 1:94-114, 2008. 
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6 Summary of the key elements and concepts studied in this Thesis 

To summarize, the main aim of this Dissertation is to propose such models of the 

electrophysiology of the heart atria, in which the mechanisms of the disorders of heart rhythm 

(arrhythmia) as well as clinical procedures of their assessment can be simulated, and which 

allows interaction in real time. With this in mind the following concepts are studied. 

Firstly, the physics of non-linear oscillations in the van der Pol-Duffing system are 

explored to build a simple and fast model of the nodal tissue. This problem is approached, as 

the state-of the-art models either did not represent well the response of the nodal cells to 

external stimulation (i.e. in the previous formulations of van der Pol-Duffing model), or were 

too complex to allow fast and robust simulations [100,157]. Some of the results of these 

studies were published by the author in the Physica D: Nonlinear Phenomena Journal in 2013 

[143]. 

Next, the models of the electrophysiology of heart atria, in which the mechanisms of 

disorders of heart rhythm (arrhythmia) as well as clinical procedures of their assessment can 

be simulated and studied in a nearly real-time scale are built and tested for chosen clinical 

conditions and clinical procedures (electrophysiological mapping and entrainment [14]). 

Some of the results of these studies were already published in clinically-oriented journals in 

2013 and 2014 [81,158]. 
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Part 2. Methods 
 

Overview 

The most important definitions, methods, models and concepts used in this dissertation are 

described in this Part. For convenience and consistency, a deeper discussion of the applied 

methods can be found within the presentation of Results in the Part 3, Results and Discussion. 

In this way, while reading through the Results and Discussion, the Reader can directly follow 

the process of the design and construction of the model of atrial electrophysiology that allows 

interaction in real time, what was one of the main aims of the Thesis. Part 2 Methods should 

be treated only as a reference for concepts used in Results and Discussion, and its content is 

succinct.  

The first chapter presents the equations used to simulate atrial electrophysiology on 

cellular level along with methods used to describe their behaviour. The second chapter 

describes the formulation of the model on the structural, tissue level. It contains a presentation 

of the approach to the simulation of the tissue coupling and conduction in the model, its 

structure and geometry. Spatial discretization and time integration methods are also presented 

in the second chapter. The third chapter describes the methods used to simulate the 

phenomena in the atria occurring in the clinic during an electrophysiological study, like 

formation of the unipolar and of the bipolar electrogram and the modelling the measurement 

of these electrograms.  
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1 Cellular level 

Each of the models presented here can be treated independently as a single cell model. 

There are three models used in this work: van der Pol-Duffing model after Liénard 

transformation (called in this Thesis the L-transformed van der Pol-Duffing model) [143], the 

FitzHugh-Nagumo model [113] and the Fenton Karma 3V model [141]. The FitzHugh-

Nagumo model and the Fenton-Karma conductive tissue model are used without 

modifications in the final formulation of the simulations of the atria. The previous approaches 

presented in [15] to build a model of nodal tissue are continued in this Thesis, yielding 

models of the sinoatrial and of the atrioventricular node. All models of the electrophysiology 

of nodal and conducting tissues used in this work are presented below. In the spatially 

extended simulations, models are coupled, each representing a small group of cells. A more in 

depth analysis of the effects and the achieved physiological properties, along with the 

discussion of their importance are part of the Part 3, Results and Discussion.  

1.1 Phenomenological models of the tissue 

1.1.1 Van der Pol-Duffing model 

The van der Pol-Duffing model is a modification of the original van der Pol – van der 

Mark model of heart activity [104], with the additional term taken from the Duffing oscillator. 

The original van der Pol – van der Mark model evolves in time according to the second-

order differential equation: 

 
1  (5)

Where: 

x(t) –the variable that undergoes oscillations; 

 – the non-linear damping force parameter of the system; 

 – external driving force. 

In the equation (7), there is an external driving force. The original van der Pol – van der 

Mark equation was a model of a heart driven by an implanted pacemaker in which interplay 

between natural and artificial rhythm occurs. However, as it was not designed to model the 

nodal tissue but the whole heart, it did not reproduce the action potential of the main 

pacemaker of the heart well, in particular the slow depolarisation phase and activation phase 
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always last half of each period time, and there is no possibility to control that through 

parameters.  (Figure 2.1). 

 

Figure 2.1 – Time vs. oscillating variable in the van der Pol – van der Mark model. 

Postnov modified van der Pol equation (to the form of van der Pol–Duffing equation) for 

the purpose of studying synchronisation between coupled oscillators [116]. The model was 

further adjusted for the purpose of modelling the heart activity in the Cardiovascular Group at 

the Faculty of Physics, Warsaw University of Technology by Krzysztof Grudziński [15].  

Grudziński et al. decided to modify the Postnov model to build a model of sinoatrial node 

activity. The modification was necessary, since in the Postnov formulation there was no 

control over the model frequency. The action potential modelled by Grudziński et al. had the 

main properties of the experimentally measured action potential of the sinoatrial node: the 

shape, refractory time, and diastolic time [15,16]. Initially, in [15] its equation was written as: 

 
 

(6)

Or in a 2-dimensional form:  

 

	  

(7)

Where: 

 - Transmembrane potential difference; 

, , , ,	  – model parameters. 

The most convenient way to analyse the model is by means of nullclines, sometimes called 

zero-growth isoclines. The null-clines of the van der Pol Duffing model can be calculated by 

comparing the right-hand side of equation (7) to zero:  
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0
						 (8)

Obtained null-clines cross each other at three points, forming a stable node, a saddle point and 

an unstable focus, with a stable limit cycle around it (presented in Figure 2.2 and Figure 2.3). 

 

Figure 2.2 – Schematic representation of phase space of van der Pol – Duffing equation. N- stable 
node, S – saddle point, F – unstable focus. 

 

Figure 2.3 – (a) the oscillating variable vs. time in the van der Pol – Duffing model. (b) Trajectory of 
limit cycle and null-clines in the phase space of van der Pol – Duffing oscillator for  = 2.0, f = 1.0, d 
= 3.0, e = 5.0,  = 1.0  

The model proposed by Grudziński et al.  was unable to reproduce the proper response of 

the nodal tissue to external stimulation as measured in experimental studies in animal models 

and reconstructed by other, more complex models of nodal tissue [159–162]. For example, the 

original model by Grudziński et al. exhibited only the ‘‘weak’’ phase resetting, while there 

are studies showing that there is be both ‘‘weak’’ and ‘‘strong’’ phase resetting for different 

stimulation strengths in cardiac nodal tissue [160,161].   
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1.1.2 Liénard transformation of the van der Pol-Duffing equation (L-transformed van der 

Pol – Duffing equation) 

In the first phase of the development of nonlinear dynamics since 1920, a considerable 

effort was put into the theory of nonlinear oscillations. The main motivation was the 

development of radio technology and vacuum tubes. It was discovered, that most of the 

electric circuits that presented oscillations, can be modelled by a 2nd order ordinary 

differential equation [120]:  

 
	 0  (9) 

Where: 

x(t) –the variable that undergoes oscillations;  

 – arbitrary function responsible for the energy dissipation; 

 – arbitrary function responsible for the force exerted on the oscillator 

Equation (9) is known as a Liénard’s equation [17]. According to Liénard’s theorem: A 

Liénard system of a form x f x x g x 0  has a unique and stable limit 

cycle surrounding the origin if it satisfies the following additional properties: 

 f (x) is continuous and differentiable on , 	 ; 

  g(x) is continuous and differentiable on , 	 ; 

  – g(x) is an odd function 

 0	 dla   0 

   – f(x) is an even function         

 F(x) has exactly one positive root at some value a (  ) 

 F(x) < 0 for 0 < x < a, and F(x) > 0 and is monotonic for x > a. 

There are two equivalent mathematical forms of the Liénard equation. The equation (9) can 

be transformed into an equivalent two-dimensional system of ordinary differential equation. It 

can be written in a form of a 2-dimensional system [163]:  

 

	  (10)
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The equation can be also re-written, after so-called Liénard transformation:  as 

a following 2-dimensional system: 

 

 (11)

The differences between both forms (presented in equations (10) and (11)) can be shown by 

comparing their possible mechanical interpretation (as presented in Table 2.1), or by 

comparing their phase portraits (as visualized in Figure 2.4). 

 

Figure 2.4 – Visualization of the phase space of the van der Pol – Duffing equation before (a,b)  and 
after (c,d) the Liénard transformation (prepared as a part of the Engineer Thesis by Patryk Stupka 
supervised by Piotr Podziemski [164])  = 1.0, f = 0.1, d = 3.0, e = 5.0,  = 0.7. Visualisation was 
made by Line Integral Convolution method (a,c) and w-isochron visualization [164]. 
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Table 2.1 – Comparison of two forms of the Liénard equation – the presentation of the possible 
mechanical interpretation  

Form 1 Form 2 

Equation   can 

be re-written as: 

	
				 

The total velocity is divided into two parts – one 
due to a nonlinear damping force and one due to 
an elastic force: 

	
			 

x - position of an object. 

y – total velocity of the object 

In this form, the equation can be interpreted 
the II Newton law for the Liénard system. 

x - position of the object 

y – part of the velocity of the object due to 
acting elastic force   

This form is a momentum representation. The 
2nd equation can be understood as a difference 
between momenta due to two forces acting in 
the system: the elastic and the damping force.  

 

To adjust the response of the van der Pol-duffing equation to external stimuli, the Liénard 

transform was applied. It was hypothesized, that after the transformation, the van der Pol-

Duffing equation would behave under stimulation more like a FitzHugh-Nagumo model, with 

which after the transformation it shares one of the model equations. The final form of the van 

der Pol–Duffing model after the Liénard transformation - the L-transformed van-der Pol – 

Duffing model is given by: 

1
3  (12) 

Where: 

 - transmembrane potential difference; 

, , , ,	  – model parameters. 

Parameters for the L-transformed van-der Pol – Duffing model of the nodal tissue used 

throughout this Thesis (if not stated otherwise) are presented in Table 2.2. 
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Table 2.2– Parameters for the L-modified van-der Pol – Duffing model of the nodal tissue used 
throughout this Thesis (if not stated otherwise) 

Parameter Value Parameter Value 

In combination with Fenton Karma 3V tissue model 

 0.1  0.0002 

 0.2  for SAN 2 

 3.0  for AVN 1.5 

In combination with FitzHugh-Nagumo tissue model 

 1.0  0.0003 

  1.0  for SAN 5.3 

 3.0  for AVN 3.5 

Time is in dimensionless units. The time scale is numerically 
comparable to that obtained in real physiological situation (in 
ms). The membrane potential v was kept dimensionless 

1.1.3 FitzHugh-Nagumo model of cardiac tissue 

The FitzHugh-Nagumo (FHN) model can reproduce many of the properties of the action 

potential of the cardiac tissue: the absolute and the relative refractory period, the existence of 

the activation threshold potential, the generation of a train of action potentials under a 

constant external current [113,114]. The equations of the FHN model can be written as:  

1
3

3 Istim

μ
 (13)

Where: 

 - transmembrane potential  

 – recovery variable  

– depolarisation current (either from external stimulation or other cells)  

, , ,	  – model parameters 

This system was suggested by Roger FitzHugh (1961), called initially the "Bonhoeffer-van 

der Pol model", since FitzHugh modified the van der Pol model to explain the basic properties 

of excitability of the Hodgkin - Huxley equations. The two dimensional setting of the 

FitzHugh-Nagumo model permits the entire solution to be explored in the phase portrait.  The 

parameters used throughout this Thesis (if not stated otherwise) are presented in Table 2.3. 
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Table 2.3 – Parameters for the FitzHugh-Nagumo model of the nodal tissue used throughout this 
Thesis (if not stated otherwise) 

Parameter Value Parameter Value 

 0.4  0.3 

 1.3  0.02 

Time is in dimensionless units. The time scale is numerically 
comparable to that obtained in a real physiological situation 
(in ms). The membrane potential v was kept dimensionless 

1.1.4 Fenton-Karma model of the cardiac tissue 

The Fenton and Karma introduced their model of cardiac cell electrical activity to 

reproduce the proper physiological action potential duration (APD) and conduction velocity 

(CV) restitution curves rather than the shape of action potential [141].  The design of the 

model allows an easy control of the restitution curve shape through the model parameters. The 

three variables of the Fenton-Karma 3V model (FK3V) are defined by a set of three ODE: 

	 ∗ ; ;  

	
θ 1 θ

 

	
θ 1 θ

 

(14) 

Where: 

 - dimensionless membrane potential; 	  

.  – fast and slow ion channel gating variables 

θ - standard Heaviside step function: θ 1for x>0 and θ 0 for x<0. 

The model defines also the currents given in units of inverse time: 

; θ 1  

	 θ
1
θ  

;
2

1 tanh k  

(15) 

Where: 

 – combines all fast inward ion currents  

 – combines all slow outward ion currents  

 – combines all slow inward ion currents  
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The variables of the model are scaled for the dimensionless membrane potential so as to 

vary conveniently between 0 and 1. This allows further re-scaling to combine with other 

models (like the SAN and AVN models in this Thesis). 

Different parameter sets reproducing restitution properties of common cardiac cell models 

(the Beeler-Reuter Model, the Luo- Rudy model etc.), along with the APD and CV restitution 

curves corresponding to these parameters were provided by Fenton et al. [141]. Oliver et al. 

[165] provided parameters for the FK3V that reproduce the restitution properties 

of  Courtemanche-Ramirez-Nattel model of atrial tissue [134]. These parameters were used 

throughout this Thesis (if not stated otherwise) and are presented in Table 2.4. 

Table 2.4 – Parameters for the Fenton–Karma 3V model of atrial tissue. 

The time is in ms; Cm = 1.99 mF/cm2; d = Cm/gfi with gfi in 
mmho/cm2, and k = 10.  

Parameter Value Parameter Value Parameter Value 

gfi Cm/ τd τr 222.9 τsi 226.9 

τ0 64.7 τv 
+ 5.75 τv1

− 40 

τv2
− 82.5 τw

+ 300 τw − 100 

uc 0.13 uv 0.04 uc
si 0.85 

Cm 1.99 k 10 τd 0.249 

 

1.2 Relevant properties of the atrial nodal tissue models 

1.2.1 Phase response curve and phase transition curve 

The phase response curve (PRC) or the phase resetting curve, describes the relationship 

between the application time of an external perturbation to the oscillator and the effect of this 

perturbation on the oscillation period [46,166]. Usually, on the plot of the PRC, the period of 

the oscillation is normalized to 1. Every time point of the oscillation of the oscillatory system 

can be uniquely mapped to a phase. The phase	  is defined as  

 
 

(16)

with: t – the oscillation time,  – the period of unperturbed model cycle and 0 1. 

Consider a scenario, when an external stimulation is applied at a phase , where  is 

the time between an arbitrary reference phase (phase zero) and the stimulation time. As a 
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result of the perturbation at a phase , the cycle containing the perturbation will have a new 

duration  . The phase resetting curve ∆ 	can be defined as: 

 
∆ ∆  

(17)

The latter definition is used in this Thesis. An example of estimation of the phase response 

curve is shown in Figure 2.5.  

 

Figure 2.5 – Schematic image of the estimation of the phase resetting curve. (A) A stimulus is 
delivered to an oscillating system at the phase . The period of oscillations is perturbed ( ). (B) by 
stimulating at different phases of the oscillations, a phase response curve may be found for every 
stimulation time ts or phase	 .  

The phase transition curve (PTC) is similar in formulation to PRC, and describes the new 

phase after a perturbation ′ 	as a function of the old phase ( ) before the perturbation. This 

is an alternative method of presenting the phase response of an oscillator: 

 
∆  

(18) 

The phase response curve may be classified into two different types, based on the analogy 

of any limit cycle to the radial isochron clock – this classification is called a winding number 

classification [46,167]. The classification is based on the assumption that after an external 

perturbation, a system follows a shifted limit cycle [166]. Phase resetting after perturbation is 

assumed to occur via the relaxation of the trajectory along the w-isochrones of the system 

(lines of constant phase of the original limit cycle). For some oscillators and a certain range of 

the strengths of the stimulus, the shifted limit cycle still contains the fixed point at which 

all isochrones near the limit cycle terminate. The winding number is 1 if the shifted limit 
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cycle contains the fixed point (degree 1 or “weak” PRC/PTC). If the shifted limit cycle does 

not contain the fixed point, the winding number is zero (degree 0 or “strong” PRC/PTC). 

In case of degree 1 or “weak” response, the PRC and PTC will be continuous because the 

shifted limit cycle crosses all isochrones that lead to every possible new phase [166]. In case 

of degree 0 or “strong” response, the PRC and PTC will be discontinuous - the phases 

corresponding to the isochrones that are not crossed by the perturbed limit cycle cannot be 

accessed, so there will always be a non-continuous jump between particular phase values. 

1.2.2 Restitution curve 

Plotting the Action Potential Duration (APD) as a function of the preceding Diastolic 

Interval (DI) can give an approximation of the dynamics of the system analysed. An APD 

restitution curve is constructed by varying the diastolic period and plotting the resulting APD. 

This method was first used by Nolasco and Dahlen [50]. They discovered that if the slope of 

the restitution curve was greater than one, oscillations in the APD, called alternans, appeared.   

During alternans, the action potentials alternate in duration and amplitude, while the 

external pacing cycle length remains constant. If a cardiac cell or tissue is stimulated with a 

constant cycle length CL, the period between the consecutive stimuli can be split up into two 

segments – the action potential duration (APD) and the diastolic interval (DI, CL = APD + 

DI). For the nth cycle, DIn = CL − APDn = CL −  f(DIn-1). So the relationship may be analysed 

as a cobweb plot on the restitution curve graph, as presented in Figure 2.6 (B). 

 

Figure 2.6 – (A). Schematic image of a voltage trace during alternans.  Action potentials alternate in 
duration and amplitude during stimulation with a constant cycle length CL, while the pacing cycle 
length remains constant. (B) A cobweb plot of the alternans presented in A. An alternans occurs, when 
the slope of the restitution curve is greater than 1. 
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There are many protocols, used both in an experimental setting and for calculations, for the 

estimation of the restitution curve. Two different protocols for estimating the restitution 

curves were used in this study. The first one is the S1-S2 restitution protocol [168], the second 

one the dynamic  restitution (or steady-state restitution) protocol [169]. 

The S1-S2 restitution curve is obtained when a cell in an experiment or in a model is 

stimulated externally at the constant pacing interval S1 until a steady state is reached. Then, a 

subsequent single stimulus S2 is introduced after a certain coupling interval (representing the 

diastolic interval, DI). As a result, an, action potential of a particular APD duration is 

produced and the APD and DI are recorded. This protocol is easy to repeat with the 

commonly used laboratory pacemakers in clinics or an electrophysiology laboratory. The full 

restitution curve is obtained by varying the pacing time for the S2 stimulus. If the restitution 

curve also does not depend on the S1 pacing interval, this is due to the presence of memory 

effects, which can play a non-negligible role in the onset of the alternans [168]. This protocol 

mimics a single, premature stimulation of the cardiac cell. This protocol shows an immediate, 

non-stationary response to a single stimulus. 

For the dynamic protocol or the steady state restitution curve estimation [169], each pair of 

APD and DI values is obtained by pacing at a fixed cycle length and recording the APD and 

DI when a stationary state is reached. During the protocol, all values obtained for the APD 

and DI pairs are recorded in a long, fixed time window. The window length is greater than at 

least 20 cycles so as not to exclude multiple bifurcations and period-n oscillations, that can 

appear in the case of alternans. This approach differs from some approaches in the literature 

[169], as commonly, only two APD and DI values are recorded. The long fixed time window 

was used, so that more complex oscillatory patterns would not be missed. 

The restitution curve is very often discussed only for the conducting tissue of the heart, but 

not analysed in the context of the nodal, pacemaking tissue. Usually that is because, in most 

of the arrhythmias, the nodal dynamics does not affect the arrhythmia itself and the nodal 

activity itself is suppressed. However, the properties of this curve may be very important in 

the analysis of the atrio-ventricular nodal disorders [24]. This topic is also important because 

a steady state of the nodal tissue is never achieved, so that any transient effect may play a 

larger role than for the cells of the atrial tissue [143].  
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In this Thesis, the APDs were estimated using a fixed voltage threshold corresponding to the 

amplitude threshold of 90% of the action potential amplitude during the normal, unperturbed 

cycle (APD90). 

2 Tissue level: connecting the cellular models 

Each myocyte’s intracellular medium is connected by gap junctions – channels of a 

relatively large diameter and low ionic selectivity [2]. Gap junctions provide cell-to-cell 

coupling and allow the action potential to spread between cells. During normal propagation, 

the current-voltage relationship of a gap junction was shown experimentally to be linear [10], 

thus the gap junction can be modelled as a linear resistive element. This feature leads to a 

linear cell-to-cell diffusion of the charges. Thus, the cellular models can be diffusively 

coupled to form a model of the spatially extended medium. Below, the spatial cell-to-cell 

coupling is presented, along with chosen geometries of the atrial model. 

2.1 Cell-to-cell coupling 

To model an excitable medium such as cardiac tissue, it is necessary to simplify the 

structure of the cells, their connections, the extracellular fluids and the inhomogeneities. This 

is usually done by a homogenization of the participating media to achieve a continuous model 

that can be described by a set of partial differential equations. In such a case, each discrete 

element does not need to fit the real size and shape of a cardiac cell, but rather represents a 

much larger chunk of real tissue.  

There are two popular approaches to homogenization – the monodomain [170] and 

bidomain [171] models of excitable media. In the bidomain model, instead of reproducing the 

geometry and structure of the cellular arrangement, it is assumed that intracellular and 

extracellular space overlap in the same volume. In this view, every point in the myocardium 

lies in both the intracellular and the extracellular domain. Such an approach allows modelling 

the influence of the currents in the extracellular domain to influence transmembrane potential 

and the conduction dynamics. This effect has to be taken into account e.g. during modelling 

defibrillation, when an external field is applied to extracellular space.  In case of the simpler, 

monodomain approach, the processes in extracellular space are neglected, and only the 

cellular dynamics and a diffusive spread of the potential between cells govern the propagation 

of the activation wave.  
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The bidomain model is much more computationally demanding than the monodomain 

model, since it requires solving an implicit equation at every simulated timestep to obtain the 

extracellular potential [170]. It is, however, currently considered as the most accurate and 

physiologically founded description for the electrical cardiac behaviour [2,10,170]. However, 

it has been shown to yield similar results to the monodomain model. The discrepancy between 

the bidomain and monodomain models during the propagation of the activation waves has 

been shown by Borgault et al. to be on the order of  1 % in terms of relative error [172] or 2% 

in a study by Potse et al. [173]. Both works show, that usually the error from discretization is 

much larger, even one order of magnitude. This is the main reason behind the decision to 

apply the monodomain approach in this Thesis.  

The following derivation of monodomain models is based on the assumption that the 

excitable medium is continuous. Another approach in which the cable equation is written into 

more dimensions can be found in literature [174]. Assume a closed three dimensional surface 

∂Ω, surrounding the space  ∂Ω represents the cellular membrane.  will contain an amount 

of ionic charge of the density . Between the cells, through the gap junctions, an ionic current 

can flow with the current density . 

The work of the ionic channels and pumps on the cell’s membrane can be understood as a 

complex process of charge generation inside the cell. In the model, this will be described by a 

function , , , . . , where , , .. are variables, that govern the dynamics of flow of the 

ionic charges.  The total change of the charge inside will be then: 

 
⋅ , , , . . ⋅

	

 (19)

From the Green- Gauss – Ostrogradzki Theorem: 

 
, , , . . ⋅

	

 (20)

If the volume is constant, comparing the functions under integration following is obtained: 

 ∂
∂

, , , . .  (21)
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Because   (with  being a diffusion coefficient), we may write: 

 ∂
∂

, , , …  (22)

The membrane of the cell can be treated as a capacitor, on which the measured membrane 

potential difference is linearly proportional to the gathered charge:  

  (23)

As a result:  

 ∂
∂

, , , …  (24)

Where: 

 – transmembrane potential; 

 – diffusive term with; 

 – diffusion coefficient; 

, , , … 	– internal process(es) of charge generation in the cell. 

2.2 Spatial discretization  

Most important types of regions and structures to be captured by the model of atrial 

electrical activity are: the conductive muscle tissue, the nodal tissue and various anatomical 

obstacles – vein inlets, scars, valves, ablated sites (Figure 2.7).  

 

Figure 2.7 – Most important types of regions and structures to be captured by the model of atrial 
electrical activity 
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M 

SA, AV - areas exhibiting 
autorhythmicity (i.e. sinoatrial and 
atrioventricular nodes) 

M - conductive muscle tissue   

M,	 SA-M,	 AV-M – boundaries 
between regions  

White color represents anatomical 
obstacles – vein inlets, scars, valves, 
ablated sites 
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As the configurations of the model is to be determined by the hypotheses to be tested, a 

general spatial discretization of the model with boundary conditions on the borders between 

the regions with different properties should be defined. The overall approach to boundary 

conditions is presented in Table 2.5, while discretization schemes are described separately for 

the two approaches to spatial discretization used in this Thesis: the structured grid and the 

unstructured triangular grid. 

Table 2.5 Boundary conditions between different regions of the model 

M	– the von Neumann no flux boundary 
condition on the border between active tissue 
model and the anatomical obstacles 

|  

 

SA-M, 	 AV-M – conservation of flux 
between the nodal tissue model and the 
working muscle tissue model. 

 

| →0 ′ 	| →0  

 

2.2.1 Structured two dimensional computational grid 

This section outlines the discretization of the diffusion term applied on a two dimensional, 

rectangular structured mesh, presented in Figure 2.8. The diffusion coefficients were defined 

in between the grid nodes of the models of tissue. In this setting, for every connection 

between the cells, a single diffusion coefficient is defined. This enables to model the 

anisotropy of conduction in a simple way. 

 

Figure 2.8 – Two dimensional, rectangular structured grid used in the two-dimensional simulations in 
this Thesis. The diffusion coefficients are defined for the red-coloured nodes. In this setting, for every 
connection between the cells, a diffusion coefficient is defined.  
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Generally, in two dimensions, the diffusion operator can be expanded as follows: 

 σ σ
σ σ

σ σ
σ σ  

σ σ σ σ 	 σ

σ σ σ  

(25)

In the example case when σ  and σ  are 0, so that the conduction is only orthogonal to the 

rectangular grid structure, the discretization by finite differences is as follows: 

 	 1
∆ . , , , . , , ,

1
∆ , . , , , . , ,  

(26)

2.2.2 Unstructured three dimensional mesh 

This section describes the triangular unstructured mesh used in this Thesis to model a 3D-

surface geometry of human heart atria, along with the discretization of the diffusion term. A 

triangular mesh is described by a set of M nodes located at ∈ . Each node contains a set 

of equations representing a group of cells. Each node has a set of N nearest neighbours, with 

which it is connected through a diffusive junction. The mesh has a range of connection 

lengths (listed in Table 2.6 for the models used in this Thesis). A fragment of an unstructured 

triangular grid is presented in Figure 2.9. 

 

Figure 2.9 – Fragment of an unstructured, triangular mesh used in the three-dimensional simulations 
in this Thesis. The diffusion coefficients σ are defined for each of the connections between the nodes. 
In this setting, for every connection between cells, a diffusion coefficient is defined.  
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Discretization of diffusion operator on triangular unstructured grid is a complex task, 

described e.g. by Jacquemet et al. [10]. It requires the application of the flux conservation law 

for each domain surrounding each node (usually called vertex in 3D computational mesh), 

which requires e.g. the finite volume approach [152] and a significant computational load. It 

is more convenient for the purpose of building a time efficient model which would allow a 

real-time interaction of the user with the simulation, to apply the resistor network 

interpretation. The whole tissue system is then treated as a circuit of resistors, for which the 

evolution of the potential is calculated. In this case, a computational grid node, each 

resembling a group of cells, is connected through a resistance  to its neighbours. The 

corresponding discretized equation that models the “diffusive” spreading of the potential 

takes the following form:   

 

														
1

∆ 2  (27)

 – denotes summation over all of the neighbours of the grid node ; 

 – denotes potential v at time t at the adjacent (neighbour) node k; 

 – denotes potential v at time t at the central) node k; 

∆  – denotes distance between nodes k and i. 

In Table 2.6 spatial resolutions, dimensions and approximated number of vertices (N) for the 

meshes and atrial geometries prepared for the present study are listed. 

Table 2.6 – Spatial resolution, dimensions and approximate number of vertices (N) for the 
meshes and atrial geometries used in the present study  

 
resolution (length of connections 

between nodes, x) 
dimensions 

(mm) 
N 

Rectangular and 
cylindrical  

0.3125 mm 40 x 40 mm 
16,4k =16 

400 
grids 0.5 mm 50 x 50 mm 10k 

 0.25 mm 50 x 50 mm 40k 

 0.4 mm 80 x 80 mm 40k 

Full atrial anatomy 0.09 ÷ 2.00 mm N/A 30k 

Right atrium detailed 
model 

0.27 ÷ 1.10 mm N/A 35k 

Left atrium detailed model 0.24 ÷ 1.07 mm N/A 42k 
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2.3 Numerical methods 

To facilitate interactive simulation of the atrial tissue, the calculations should be running as 

close as possible at real-time. One of the challenges of such a task is finding a numerical 

method for equation integration that will be time efficient and will have the proper stability 

for the simulation of arrhythmia. The most commonly used schemes to simulate reaction-

diffusion equations are the explicit Euler forward integration scheme, the implicit backward 

Euler method or Crank- Nicolson scheme [175–177]. However, due to necessary matrix 

manipulations during calculations, these methods require significant computational effort at 

each integration step and synchronicity of the integration time at each cell. Such integration 

methods are not useful for the design of an interactive simulation of cardiac tissue.  

2.3.1 Explicit forward Euler method  

The forward Euler method is a first-order technique with reasonable stability and accuracy 

as long as the so called Courant-Friedrichs-Levy condition [178] is fulfilled and the diffusion 

term is stable. These conditions limit the time step based on the given space discretization. 

When this limitation is acceptable, the Euler's forward scheme is attractive because of its 

simplicity of implementation as it is one of the computationally most efficient methods. The 

forward Euler method [175] applied to equation (24) for the 2d structured grid (using the 

discretisation of the diffusion term of eq. 26) will result in the following integration scheme:  

 
, , , ∆

∆
∆ . , , , . , , ,

∆
∆ , . , , , . , , ,  

(28)

Where:  

∆  – denotes the fixed timestep; 

,  – denotes potential v at time t at the node xi,j; 

, .  – denotes diffusion coefficient, as in Figure 2.8; 

∆ , ∆  – denotes distance between nodes k and i. 

This scheme is sometimes called Forward-Time Central-Space scheme. The time step, has to 

fulfil the following inequality [179], where max	 : 

 
∆

0.5∆
 (29)
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Note, that to double the accuracy of the grid in space, the timestep will have to be four times 

smaller. The forward Euler method applied to the unstructured grid (using the discretization 

of the diffusion term of equation 27) will result in the following integration scheme:  

 

∆
∆

∆
1

 (30)

Where:  

 – denotes summation over all of the neighbours of the grid node ; 

 – denotes potential v at time t at the adjacent (neighbour) node k; 

 – denotes potential v at time t at the central) node k; 

∆  – denotes distance between nodes k and i. 

2.3.2 Modified backward Euler (mBE) method 

The spatial integration step of the Euler forward scheme, used for the 2D model of cardiac 

tissue, is seriously limited by the upper bound of the timestep, necessary for the stability of 

the diffusion calculation. In this Thesis, I applied the modified backward Euler (mBE) method, 

with an explicit, variable timestep proposed by Allexandre and Otani [176]. I further modified 

this model to achieve an even faster integration speed than obtained in the original approach. 

The mBE method with a variable timestep has following advantages  [176,177]: 

 the algorithm is unconditionally stable and explicit, allowing the use of timesteps 

several orders of magnitude larger than the limit imposed in the forward Euler method. 

 Variable timestep in space allows to speed up the calculations in the regions, where 

the action potential is absent 

 spatial timestep gradient is controlled by a separate algorithm (see Section 2.3.3) that 

takes into account the conduction velocity of the action potential. This algorithm 

creates a zone with small timesteps situated before the upstroke of the action potential 

to ensure the stability of the calculations.  

 Timestep is updated by a binary tree updating scheme (described in Section 2.3.4). 

At first, let’s consider the normal backward Euler method. The backward Euler integration 

scheme [175] applied to equation (24) for a 1D grid will take form: 

 
∆

∆ ∆
∆ , , …  (31)
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Where: 

the	subscript	   – refers to the spatial position on the grid; 

the	superscript	   – refers to the (local) time index of the node; 

 – denotes potential v at local time c at the node x;  

∆ 	– denotes distance between nodes; 

∆  – denotes the local timestep; 

Not to solve the implicit equation (31), Allexandre and Otani proposed to modify this 

method, by using forward Euler method to the reaction term (denoted here as the function ), 

and calculating  and  by a linear extrapolation. The equation for the modified 

backward Euler method takes the form:  

 
∆

∆ ∆
∆ , , … 	 (32)

Where: 

 and  – the extrapolated potentials obtained from the last two calculated values 

at location 1 and 1, respectively. 

Equation 32 can be modified for various structured or unstructured grids in a straightforward 

way – the only change is in the number of neighbours.  The extrapolated potentials can be 

calculated using equation 33. Note, that the calculation is done for an asynchronous case, 

when each of the nodes has its own timestep and time indices. 

 

∆
 (33)

Where:  

the superscript  –the time index of the central node, at which next step is calculated. 

the superscript – the time index of the neighbour nodes. 

To ensure the stability of such calculations, a method the choice of the best timestep for 

each cell has to be implemented. The solution is straightforward – if the grid point that is the 

earliest in time will be chosen for advancing it by one timestep, its neighbours will always 

have the calculated values of v ahead in time compared to the central node. Such formulation 

ensures a robust stability of the method, and that no node is left behind [176]. In Figure 2.10 

calculating a new value of potential , for the central node (based on the potential 

extrapolated at the neighbours) is presented for a 2D computational grid.  
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Figure 2.10 – Calculating a new value of the potential , for the central node using the 

extrapolated values at the neighbours in the modified Backward Euler algorithm 

2.3.3 Modified Backward Euler method – Guard Cell Algorithm 

To keep the algorithm stable, the Courant Friedrich Levy (CFL) condition has to be always 

fulfilled (the information between nodes cannot travel faster than the propagation velocity of 

action potential) [176]. Therefore, it should be assumed that everywhere: 

 
∆ ∆t

∆
 (34)

Where  stands for conduction velocity of action potential in the given tissue model. 

However, the diffusion is only large in the vicinity of action potential wavefront. It is 

negligible, for instance, when the tissue is in the resting state. In the mBE method, the Guard 

Cell Algorithm (GCA) ensures that, in the vicinity of the wavefront, the timesteps are small 

enough accordingly to fulfil the CFL stability condition. At the same time, far from wavefront, 

the timestep can be much larger than permitted by this condition. The GCA is evoked every 

fixed interval ∆t  much larger than one timestep (in this Thesis	∆t 10 ∆
). The 

spatial profile of the acceptable timestep ∆t  is calculated by the Guard Cell Algorithm 

according to the following rule (the details of the derivation can be found in  [176], [180]): 

 

if	at	the	current	node	
dv
dt

0.1
K

∆t
∆t

1 K dv
dt

0.1
K

∆t ∆t

 (35)
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Where: 

K  – constant, adjusts the extent of the protective zone around the wavefront  

∆t  – the allowed maximal increment of the timestep between two adjacent nodes. 

∆t  has to always fulfil ∆t ∆
 

Given a certain spatial profile of the timestep, the GCA algorithm calculates a new 

timestep profile by limiting the timestep difference between two adjacent grid points by 

∆t . In Figure 2.11, an example of the timestep calculation for a wavefront propagating 

in a 1D model of tissue is presented. 

 

Figure 2.11 An example of a timestep calculation for a wavefront propagating in a 1D model of 
tissue. (A) Spatial membrane voltage trace. Note the depolarization wavefront around 1/3rd of the 
length of the figure. (B) The corresponding spatial timestep distribution for the modified Backward 
Euler method ∆  (before applying the guard cell algorithm) and ∆  (after applying the guard cell 

algorithm). The timesteps are smallest around the depolarization, and a protective region is applied 
nearby. Timesteps larger than that allowed by the Courant Friedrich Levy (CFL) condition (∆ ) 
and the stability of diffusion term (∆ ) are used. Figure reprinted from [176]. 

2.3.4 Modified Backward Euler method – earliest timestep search algorithm 

Allexandre and Otani used a binary tree algorithm to search for the node with the earliest 

time at each timestep [176]. In this Thesis, the original binary tree structure in the timestep 

updating algorithm is substituted by a pairing heap structure, to improve algorithm efficiency. 

A pairing heap is a type of heap data structure with a relatively simple implementation and 

excellent practical performance, introduced by Michael Fredman et al [181].  Pairing heaps 
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are heap ordered tree-like structures, and can be considered simplified Fibonacci heaps 

[182].  Numerical experiments showed that pairing heaps are often faster than array-

based binary heaps and d-ary heaps, and almost always faster in practice than other pointer-

based heaps, including data structures like Fibonacci heaps [183]. 

In the implementation used in this Thesis, all the nodes are ordered in the pairing heap 

structure, according to the local time at each node. In this structure, the search for the minimal 

value is of complexity 1 . After advancing the earliest node, it local time changes, and the 

node has to be removed and re-inserted into the structures. The most expensive operation is 

the removal of the node after integration. The update is of theoretical complexity 

	 2 	 	 , however in practice it is often much smaller [183]. An example of the 

operation of the removal of the minimum element is presented in Figure 2.12. The re-

insertion of a new element is again of complexity 1 	[183]. 

 

Figure 2.12 – The effect of Removal of the minimum element from the pairing heap structure. An 
arbitrary integer values sorted from minimum to maximum were chosen to illustrate the process. 

2.4 Anatomy and geometry of the applied models 

In Figure 2.13, the structure of a rectangular mesh model of the right atrium is presented. It 

is used to simulate arrhythmias such as AVNRT or atrial parasystole (see Part 3 Section 2). It 

is used in two versions – as a square grid with solid bounds simulating a part of the atrial 

tissue, or with cylindrical boundary conditions, as a model of the right atrium. The number of 

computational cells and the size of the computational grid nodes can be easily changed in the 

SimpleHeart computational framework GUI (which is described in the Part 3 Section 4 of this 

Thesis). The model was also used to study the entrainment clinical procedure, as described in 

Part 3 Section 3.  

Figure 2.14 presents an unstructured mesh model, based on a Computed Tomography scan 

of human heart atria of a specific patient. The model has three versions – two versions 

represent each of the atrium separately, the other represents both atria connected through 

muscle bundles. A preview of the computational grid is shown in Figure 2.15. 
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Figure 2.13 – Structured rectangular mesh model of the right atrium. (A) A square model of the right 
atrium, used to simulate atrial arrhythmias occurring in the right atrium. Simulations on this grid are 
presented in Part 3 Section 2. (B) A straightforward extension of a plain, square model is a cylindrical 
model of right atrium, in which the top and the bottom hole correspond to the Superior Vena Cavae 
and the Tricuspid valve, respectively. A similar model to the one presented in (A) without nodal tissue 
was used in Part 3 Section 3 for the simulation of entrainment.  

 

Figure 2.14 – Unstructured mesh model, based on a Computed Tomography scan of human heart 
atria. The initial CT scans were obtained from Paweł Kuklik, with his permission resegmented and re-
structured to obtain the desirable node spacing and number of vertices. 
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Figure 2.15 – Unstructured mesh model of the atria – a preview of the computational grid.  

 

3 Clinical level: simulation of a clinical electrophysiological study 

3.1 Model of the unipolar and bipolar electrodes 

The unipolar electrode model proposed in this Thesis is built upon the assumptions: 

- The unipolar electrode makes a point measurement of the extracellular electric 

potential in the close vicinity of the tissue; 

- The measurement is not localized – the neighbourhood of the measurement point can 

affect the measurement and is determined by the distance of the electrode from the 

surface (typically less than 1 mm [34] – compare with Figure 1.4); 

- The idealized electrode cannot damage the tissue and cause mechanical disruptions in 

the dynamics of the propagation of the activation wave; 

- The reference electrode is located at infinity.  

The bipolar electrode will be modelled as the difference in the electric potential between two 

unipolar electrodes placed close to each other (2-5mm). 
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The extracellular potential Φ , 	measured at point  in space and time t (unipolar 

electrogram amplitude signal) can be analytically calculated using a current source 

approximation for a large volume conductor with a uniform conductivity  [174]: 

 
Φ ,

1
4

,
1

 (36)

Where: 

 –uniform conductivity of a volume conductor; 

 – denotes membrane potential v;  

	= | | – distance between the electrode ( 	and a part of tissue localised at   

We can rewrite the equation (36) as: 

 
Φ ,

1
4

,
| |

 (37)

In this form, integration by parts can be performed: 

 u	 u Ω u  (38)

Where: 

Ω:	 → ∞, u , ,
1
	 ,

1 0 0
0 1 0
0 0 1

	 

After applying eq. (37) to the first term in equation (38), we can assume that the potential 

gradient multiplied by 1/r is negligible and omit that term, since we assume that at → ∞ 

there is no active tissue In result we obtain: 

 
u	 	 ,

1
Ω ,

1 →
0 0 (39)

After integration by parts, equation (36) can be rewritten as: 

 
Φ ,

1
4

,
1 1

4
, 	

1
	 	 (40)

From (40) one can calculate: 

 1
| |

 (41)
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Finally, the equation for the extracellular potential Φ ,  can be rewritten as: 

 
Φ ,

1
4

,  (42)

Equation (42) is then discretized for the computational grid – for example for the square two-

dimensional grid:  

 
Φ

1
4

. , , 1, , . , , 1

,

 (43)

To speed up the computations, the calculation of equation (43) can be limited to a certain 

area. In this Thesis, it was limited to the area of max 2 cm radius, which models the unipolar 

measurement with sufficient accuracy, as point spread function [174] of an electrode placed 

no more than 1mm over the surface decays significantly over the distance of a few mm [174]. 

3.2 Simulation of a contact mapping electrode grid 

Experimental study of wave conduction patterns is very important in the study of the  

mechanisms of cardiac arrhythmias, especially for atrial fibrillation [184]. Conduction 

patterns can be mapped and recorded using contact electrode arrays recording the local 

electrical activity, e.g. in patients during cardiac thoracic surgery.  

It would be useful to be able to compare such experimental recordings with the results of 

simulations. An electrical mapping system similar to experimental setups used e.g. at the 

Maastricht University Medical Centre by Maesen et al. [90,185,186], can be simulated by 

combining a set of unipolar electrodes into a measurement grid. An example of a simulated 

measurement of the contact electrical map is presented in Figure 2.16. 



74 
 
 

 

Figure 2.16 – Example of the simulation of a contact mapping measurement. A spiral wave was 
generated in the simulated model. (A) transmembrane potential in the analysed fragment of the model 
(B) an example of the positioning of the simulated contact mapping electrodes, (C) simulated unipolar 
electrogram at every computational grid node, (D) simulated contact mapping measurement. A part of 
these results were prepared by Grzegorz Parka for his Engineering Thesis supervised by Piotr 
Podziemski [187]. 



75 
 
 

Part 3. Results & Discussion 
 

Overview 

This Part contains the main results of the development of a computer model of the 

electrophysiology of heart atria.  Part 3 Section 1 is focused on the preparation of the model 

of atrial pacemaking structures. In this chapter, the properties of the proposed L-transformed 

van der Pol-Duffing model for pacemaker cells are investigated. To present the model in 

broader perspective, it is compared with an ion-channel based Morris-Lecar model of 

excitable cells. At the end of the chapter, final formulations for the models of the sinoatrial 

(SAN) and the atrioventricular (AVN) nodal tissue are presented. In the Part 3 Section 2, the 

SAN and AVN models are incorporated into a two dimensional model of the atrial tissue 

layer. In the combined model, a few chosen atrial arrhythmias are simulated. In the Part 3 

Section 3, the developed simulation framework is applied to simulate the entrainment 

manoeuvre performed during an electrophysiological study of the heart in clinics. A method 

to support and speed up the localisation of re-entrant circuits during the clinical entrainment 

procedure is proposed. The simulation allowed as well to analyse the possible sources of 

uncertainty of the entrainment measurement outcome. All the simulations were validated by 

clinical results. At the beginning of the Part 3 Section 4, the design and implementation of the 

three dimensional model in the Simple Heart computer programme is discussed, including 

presentation of the graphical interface of the designed SimpleHeart application. Finally, 

simulations of chosen scenarios are presented in the 3D version of the model of the atria.  
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1 Analysis and properties of the L-transformed van der Pol-Duffing 

model for the simulation of the action potential of cardiac nodal cells 

Main findings and results presented in this section were published in “Liénard-type models 

for the simulation of the action potential of cardiac nodal cells”, Piotr Podziemski, Jan J. 

Żebrowski Physica D: Nonlinear Phenomena 2013, 261:52-61 [143]. 

1.1 Rationale 

We are looking for a minimal approach that will be useful for the simulation scenarios in 

which an interaction with the user during the simulation is required. The simulation should 

also allow a comparison of the results with clinical data and clinical procedures. In the clinical 

setting, for any model to be useful, its set of parameters should have to be fitted to the specific 

patient or to the range of a group of patients under study. No clear ways of achieving this 

seem to be currently available for ion-channel based models. With this goal in mind, we apply 

a general model for autorhythmic nodal cells - the L-transformed van der Pol-Duffing model. 

 A correct model for the pacemaker cell should have certain properties. The following 

properties were already obtained by the original van der Pol-Duffing model proposed 

previously by Grudziński et al. [15]: 

- spontaneous repolarization – the ability to generate an action potential without an 

external input. 

- refractory period (RP) – phase of oscillation during and after an activation, during 

which the model does not react to external stimulation 

- the possibility to change the firing rate and the refractory period duration 

independently 

- the possibility of changing the firing rate in a similar way as occurs due to the 

physiological mechanisms or the influence of drugs: by changing of the diastolic time, 

changing the resting or the threshold potential (Figure 3.1 A and B) 

For the reminder, the equation for van der Pol-Duffing model (see Part 2 Section 1.1.2) is 

rewritten below: 

1
3  (11) 
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Figure 3.1 – Simulation of spontaneous electrical activity of the van der Pol –Duffing (A-B) and L-
transformed van der Pol-Duffing model (A-C). (A) Decrease in the rate of firing due to a decrease of 
the parameter e (see equation 11), which resembles the effect of acetylcholine or ivabradine 
administration on the function of the sinoatrial nodal cell (the shape of action potential does not 
change significantly, as discussed in [40,188]). (B) Increase in the rate of firing as a result of an 
increase in the parameter e. This resembles the effect of drugs such as isoprenaline on the SAN cell or 
of the changes in Ca2+ uptake by the sarcoplasmic reticulum. (C) Example of the possible 
adjustments of the shape of action potential due to the modifications proposed in Part 3 Section 1.4 

To enable the simulation of the behaviour of the nodal tissue in real physiological 

phenomena, two more conditions should be fulfilled that were absent in the model presented 

in [15,16]. Both of them are necessary to obtain the physiological response to external stimuli.  

- Phase response curve of the model should behave as the phase response curve 

measured in pacemaker cells and/or in detailed microscopic models of nodal cells. 

- Restitution properties of the action potential duration should be comparable with the 

restitution curves measured in real sinoatrial cells and/or to detailed microscopic 

models of nodal cells. 

Those properties are important, because during arrhythmia in the atria, the nodal cells may 

be stimulated by a pathological activation wavefront, thus they should respond to those 

stimulations in a way that corresponds to the behaviour of real SAN and AVN. Apart from the 

analysis of the phase response and restitution properties, secondary aspects and modifications 

of the model are discussed below, such as adjusting the refractory period of the model, 

altering the shape of action potential for atrioventricular node simulation and combining the 

SAN model with a simple approximation of autonomic modulation.  

1.2 Restitution properties 

For cardiac tissue, the properties of the restitution curve allow to assess quantitatively the 

vulnerability of the tissue to external pacing. The non-linear dependence of the action 

(A) (B) (C)



78 
 
 

potential duration (APD) as a function of the stimulation cycle, can explain under certain 

conditions the appearance of alternans of the APD in tissue. The restitution curve, however, is 

often not discussed in the context of nodal, pacemaking tissue. Nevertheless, the restitution 

properties may be important in the analysis of the behaviour of whole atria during arrhythmia 

as well as in some atrio-ventricular nodal disorders [42]. The restitution properties of the 

model were analysed numerically using two protocols. The S1–S2 steady-state protocol and 

the dynamic restitution protocol, both applied to models of a single, isolated cells [169,189].  

In the first protocol, the van der Pol-Duffing model of a single cell was stimulated 

externally at the pacing interval TS1, such as TS1= 0.85 T, where T was the cycle length of the 

unperturbed oscillations of the model. The steady state was reached for all of the tested 

scenarios (APDn+1 - APDn < 0.001 a.u.) within 100 evolutions, after which second stimulus 

S2 was applied to the model.  Results of the analysis of the first protocol are presented in 

Figure 3.2 as an APD vs. DI plot for different stimulation strengths. It is clear that, for 

stronger perturbation amplitudes of the second stimulus S2, the slope of the restitution curve 

increases above 1, which most often leads to an alternans [52,169]. 

 

0.20 0.40 0.60

2.0
2.5

3.0
3.5

4.00

0.20

0.10

Stimulation strength [model units]  

Figure 3.2 – Steady-state (S1-S2) restitution curve of the APD as a function of the DI for the L-
transformed van der Pol–Duffing model, for stimulation strengths ranging from S2 = 3.0 to 4.50 
(measured in arbitrary model units). For stronger amplitudes of the second stimulus S2, the slope of 
the restitution curve increases above 1. For weaker stimulations (S2 = 3.0, S2 = 3.25), a strong 
discontinuity in the curve occurs, indicating a visible  threshold  effect [113] for the action potential in 
this range of stimulation. 
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The dependence of action potential duration (APD) on the stimulation cycle length (CL) 

obtained using the dynamic protocol (see Part 2 Section 1.2.1) is plotted for different 

stimulation strengths in Figure 3.3.  For each pair of APD and DI values in the plot, the van 

der Pol-Duffing model was paced at a fixed cycle length. Not to exclude any bifurcations and 

period-n oscillations, all the APD and DI pairs that occurred in a fixed time window 20 

unperturbed cycles long were recorded and plotted. In order not to miss more complex 

oscillatory patterns, this was done contrary to the standard practice in the literature 

[39,51,169], in which, only two APD and DI values are recorded for any cycle length. 

The APD vs. CL obtained using the dynamic protocol is plotted for different stimulation 

strengths in Figure 3.3. Near the region marked (1), the APD is almost non-responsive to any 

change in the cycle length - the relationship between the APD and CL is flat. In region (2), for 

the faster pacing cycles, the APD begin to alternate—a bifurcation occurs. The bifurcation for 

weaker stimulation strengths appears for slightly smaller stimulation cycle lenghts. In the 

region marked (3), we can observe a complex, alternating response. It should be noted that for 

such fast stimulations (CL < 100 ms) the results strongly depend on the chosen value of the 

APD threshold. In the presented case, the threshold for APD measurement was chosen as 0.9 

of the peak-to-peak amplitude, measured from the maximum – so called APD90 [169]. For the 

given simulation strength, each bifurcation in Figure 3.3 can be interpreted as the appearance 

of an alternans in a single cell model. The alternans obtained with the L-transformed van der 

Pol-required model is qualitatively similar to these presented in [51,52,168,169]. The model, 

similarly to those presented in [51,52,168,169] presents cessation of alternans due to a reverse 

bifurcation in region (3) of Figure 3.3 for short pacing periods and for stronger stimuli. 

In the dynamic restitution protocol, the pacing cycle length required for alternans to occur 

decreases with stimulation strength. In the simulation study of the Luo–Rudy model, Qu et al. 

[190] found the same effect for this a model of cardiac conducting tissue. Such an effect has 

not been determined so far for models of nodal tissue, up to the author’s knowledge . Qu et al. 

showed that, the larger the amplitude of stimulation, the shorter is the pacing cycle period 

required for the alternans to occur. In Figure 3.4, stimulation strengths and stimulation cycle 

lengths for which an alternans appears are presented. This plot may be interpreted as a phase 

diagram, where the boundary between the non-alternating action potential and the alternans 

region is plotted as a function of the stimulation strength.  
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Figure 3.3 – Near the region marked (1), the APD is almost non-responsive to any change in cycle 
length - the relationship between APD and CL is flat. In region (2), for the faster pacing cycles, the 
APD begins to alternate — a bifurcation occurs. For weaker stimulation strengths, the bifurcation 
appears for longer Cycle Lengths. In the region marked (3), we can observe a complex, alternating 
response (especially visible in fig. B and C).  
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Figure 3.4 – Phase diagram for alternans behaviour in the L-transformed van der Pol–Duffing model. 
The boundary between the non-alternating action potential and the alternans region is plotted as a 
function of the stimulation strength and minimal pacing rate (stimulation period) at which the 
alternans is observed. Two branches separating the regions of non-alternating 1:1 behaviour and 2:2 
alternans are visible. Further bifurcations and rhythms such as 3:3 or 2:3, that appear as shown in 
Figure 3.3 B and C were not plotted here for clarity of the image. 
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1.3 Phase response curve of the model 

To check, how the phase of the oscillations will be affected by an external stimulus, an 

analysis of the phase response of the L-transformed van der Pol–Duffing model was 

performed.  A single rectangular pulse of a width of 20 ms and a range of amplitudes was 

applied to the model, as used by Glass et al. [167]. To take into account several subsequent 

evolutions of the action potential after stimulation, the activation times (times at the 

maximum potential) are shown for three responses following a stimulation, regardless of 

amplitude.  In such a representation, the difference between different phase responses is 

visible (continuous vs. discontinuous, fully developed response vs. suppressed one).  

Such an approach was taken to avoid methodological problems in determining the response 

due the arbitrariness of the definition, when the event evoked by the stimulus can be called an 

action potential (similar problems are discussed in [162]). The approach presented here 

depicts the brief, first maximum of recorded potential after the stimulation of the system 

(simply the first one, even if it is not a fully developed action potential) using black dots on 

the plots, the second event after stimulation – using the color red, and the third – using color 

green. The rationale behind this was to avoid any arbitrary decision during the construction of 

the PRC. The zero phase is set at the maximum upstroke time of the action potential. By 

plotting the dependence of the phase response T/T0 vs. phase of stimulation ϕ  (compare with 

Part 2 Section 1.2.1), three response curves (PRCs) for three subsequent action potentials are 

obtained. The response curves are presented in Figure 3.5 (A)–(C). 
(A) (B) (C)

 

Figure 3.5 – (A)–(C) Phase Response Curves (PRCs) for the L-transformed van der Pol–Duffing 
model (A) PRC for Istim = 0.3 (model units). The model shows the "weak" or " degree 1" phase 
resetting, as no apparent discontinuity is visible. (B) PRC for Istim = 0.6. It is hard to determine, 
whether the model shows the "strong" or " degree 0" phase resetting. An apparent discontinuity 
appears. However, due to numerical constraints of the solution, by analysing only a PRC it may not be 
possible to determine if the discontinuity is only apparent or real [191] (C) PRC for Istim = 0.9. The 
model shows the "strong" or " degree 0" phase resetting. 
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Art Winfree pointed out that biological phase response curves tend to be of degree 0 or 

degree 1 [46]. Arguments for phase response curves being of degree 0 or degree 1 are often 

based on the topology of the isochrones that describe the asymptotic (or steady-state) phase 

after stimulation (compare figure 12 in [162]). Given the fact that, for the stimulus amplitudes 

presented in Figure 3.5 (A)-(C), the second and third response appear to be displaced by a 

constant time T= T0, the second transient phase (a phase of the second response of the system 

after the stimulus) can give a good estimate of the asymptotic or eventual new-phase (new 

phase will eventually settle when the non-stationary state evoked by stimulation will pass).  

To compare immediate phase with the second transient phase, a phase transition curves (PTC) 

were prepared, by plotting ϕ ’  and ϕ ’  vs. ϕ , where ϕ ’	 ϕ , ϕ ’	 ϕ

. ϕ  is the period of the immediate response, or more precisely, the time between 

the last response before stimulation to immediate response after stimulation. ϕ  is the 

second transient period, or more precisely, the time between the immediate response after 

stimulation to the second response after stimulation. 

(A) (B)

 

Figure 3.6 – (A) Immediate Phase Transition Curve of the L-transformed van der Pol–Duffing model 
showing the new phase of the oscillator as a function of the phase of the applied stimulus, for different 
stimulation strengths. (B) Phase transition curve of the L-transformed van der Pol–Duffing model 
estimated by using the second (transient) phase of the oscillator as a function of the phase of applied 
stimulus. Grey thin lines represent immediate phase transition curve. A weaker stimulus causes a weak 
phase resetting. As the amplitude of the stimulation increases, the strong or type 0 response appears, 
visible in both PTCs for Istim = 0.9. For comparison see Fig. 10, Figs. 6–7 in [160] and Fig. 4 in [159].  

The obtained phase response characteristic is consistent with experimental and modelling 

results by Glass et al. [167], Coster et al [160], Anumonwo et al. [161], and Tsalikakis et al. 

[159]. An example of a simulation result from [160]  is redrawn and presented in Figure 3.7. 
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Note that only the combination of the phase response measured at the first and second pulse is 

plotted on the PRC in Figure 3.7A in difference to the results presented in Figure 3.5 (red and 

black points in Figure 3.5A–C). It seems that the behaviour of the L-transformed van der Pol–

Duffing model and the Dokos model analysed by Coster and Celler, as well as of 

experimental results of Anumonwo are qualitatively comparable. All of those studies indicate 

the occurrence of ‘‘weak’’ and ‘‘strong’’ responses for different stimulation strengths.  

The L-transformed van der Pol–Duffing model is, for the parameters used here, less 

sensitive to the change of the amplitude of stimulation compared to more complex models. 

Another difference is in the quantitative duration of the first phase of stimulation. In case of 

the L-transformed van der Pol–Duffing, the delay produced during this phase is much longer 

than in the case of the phase response of the Dokos model. Nevertheless, even for the very 

detailed ionic models, the processes regulating the response of the cells appear to share 

dynamics common with the lower-dimensional phenomenological model presented here. 

 

Figure 3.7 – Phase response curve (A) and phase transition curve (B) for a stimulus in the Dokos et 
al. SAN cell model, simulation results adapted from Coster et al. [160]. In comparison to the results 
presented in Figure 3.5. (A)–(C), the figure shows a combination of the first and the second response 
of the system (red and black points in Figure 3.5 (A)–(C)). 

To analyse thoroughly the response of the model near the discontinuity visible in Figure 

3.6, plots of membrane potential vs. time were investigated for stimuli applied close to the 

discontinuity for the PRC (similarly as in [162]). They are depicted in Figures Figure 3.8-

Figure 3.10. In Figure 3.8, the waveforms show similar behaviour to those characteristic for 

type 1 phase resetting. In Figure 3.9, the amplitude of stimulation is near the type 0 and type 1 

border and the model’s response is similar to one presented in Fig.7 of [162]. Consequently, 

Figure 3.10, depicts a phase resetting waveform what effectively can be interpreted as type 0 
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phase resetting.  From the shapes of the voltage responses, it can be seen that at Istim = 0.6 the 

system is very close to the range of stimulus amplitude where a discontinuous response is 

achieved, while at Istim = 0.9 the system appears to have a type-0, continuous PTC. Also, since 

in the model there are three fixed points, one of which is a saddle-point, there might not be a 

direct transition from type-1 to type 0 PTC as, for example, in case of the model studied by 

Clay et al. [192]. Note that only a thorough continuity analysis could give a definite and exact 

answer of the type of response for the full range of stimulation strengths. Such a detailed 

analytical investigation lies outside the scope of this Thesis. 

 
 
Figure 3.8 – Phase resetting for the van der Pol – Duffing model for stimulation amplitude = 0.2 [ 
model units]. Each image A-F corresponds to a different stimulation time. The time of stimulation is 
marked at the top of the figure. Perturbed model voltage trace is shown next to the unperturbed 
voltage trace of the model for comparison. Type 1 phase resetting occurs; the phase is advanced in 
images D-F; Tstim - time of stimulation. 
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Figure 3.9 – Phase resetting for the van der Pol – Duffing model for stimulation amplitude = 0.6 [ 
model units]. Each image A-I corresponds to a different stimulation time. The time of stimulation is 
marked at the top of the figure. Perturbed model voltage trace is shown next to the unperturbed 
voltage trace of the model for comparison. The gold line on the plots can be understood as a threshold 

value. It is equal to 	 . It can be also understood as the value of the v nullcline at a given time T. 

The model is close to the transition from type 1 to type 0 phase resetting; the phase is delayed in 
images A-D and advanced in images E-I; The change occurs, when the immediate response after 
perturbation crosses the threshold value (images D-E). Tstim - time of stimulation. 
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Figure 3.10 – Phase resetting for the van der Pol – Duffing model for stimulation amplitude = 0.9 
[model units]. Each image A-F corresponds to a different stimulation time. The time of stimulation is 
marked at the top of the figure. The perturbed model voltage trace is shown next to the unperturbed 
voltage trace of the model for comparison. Resetting resembles a type 0 response; it is difficult to 
distinguish when the phase is advanced when not – functionally, it would be determined by which 
action potential would be able to spread to neighbouring cells – the one from the immediate or the one 
from 2nd response; Tstim - time of stimulation. 

It is interesting that in the earlier version of the model presented by Grudziński et al. [15], 

the phase response was only of the type 1 (weak) [15], as presented in Figure 3.11. The model 

of [15] and the model presented here have a different response to an external stimuli. Both 

models, however, are mathematically equivalent to the same autonomous system. The 

difference in response occurs because the external stimulation function, although applied to 

the voltage derivative part of the equations in both models, act differently in the phase space 

because of the different definition of the second main variable (I and i) in the two systems. 

Thus, one should always keep in mind that, for an ordinary differential equation model, the 

redefinition of any factor (other than the external stimulation) acting on the equation for the 

voltage derivative, alters the response to an external stimulation. 
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Figure 3.11 – In the previous version of the model presented by Grudziński et al. [15], the phase 
response was only of the type 1 (weak) [15].  Three phase response curves are plotted for three 
different stimulation strengths. Comparing with Figure 3.5, a different characteristic of the response is 
present. Moreover, the immediate response phase change does not differ from the phase of second and 
following responses. 

1.4 Modifications allowing reshaping of the shape of the AV action potential  

Grudziński et al. [15] proposed the van der Pol–Duffing as a model of sinoatrial node 

action potential. As a result, the shape of the standard action potential given by the model 

resembles well the shape of the sinoatrial node action potential. However, it has a poor 

resemblance to the action potential of the AV nodal cells (see [100]). 

In this Dissertation, a model of the sinoatrial as well as of the atrioventricular node is 

sought. To obtain a better resemblance of the voltage trace in the model to the action potential 

of AV the nodal cells, further modifications are proposed. The modifications are based on the 

analysis of the properties of the phase space and of the null-clines in phase space.  

Any change in the shape of the phase space trajectory of a relaxation oscillator will result 

in a change of the time trace of one of its variables. This can be obtained by the proper 

deformation of the phase flow, which can be usually achieved by simple transformations of 

the nullclines. A linear transformation of the null-clines is proposed, that is a rotation of the 

v’ = 0 nullcline around the vector . Mathematically, this can be done as the following 

modification to equation (12): 

 1
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where the magnitude of the rotation was chosen to κ = 1.37. The initial nullclines for the 

model without modification are presented in Figure 3.12. One nullcline (from the equation 

for	 ’) is depicted in red and has the shape of a 3rd order polynomial. The other null-cline is 

not dependent on the current variable , so it cannot be plotted as a function in , 	space. To 

depict its effect on the flow, a third axis was added, showing the value of , 	  (Figure 

3.12(A) and (B)). The nullclines and the phase portrait after modification are depicted in 

Figure 3.13 in the three-dimensional plots of the phase portrait and of the function , 	for 

one of the null-clines: 

 
,  (45) 

The comparison of the phase portraits and voltage traces before and after modification are 

presented in Figure 3.14. 

 

Figure 3.12 – Phase portrait of the L-transformed van der Pol-Duffing oscillator. One of the 
nullclines is depicted in red in the (v,i) plane. For the presentation of the second one, a third axis is 

used, which depicts		 , 	 . , 0 for v = 0, v = e and for v = d. At these points, the 

direction of the phase flow changes. The magnitude of ,  represents the strength of the flow in the 
direction of variable i. 

k(v,i)
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Figure 3.13 – (A) The three dimensional plot of , |  and the phase portrait of the model. (B) 
The three dimensional plot of ,  for 0  showing the effect of the modified nullclines on the 
deformation of phase portrait of the model. The deformation corresponds to the change of action 
potential shape presented in Figure 3.14. 

 

Figure 3.14 – (A) Voltage trace L-transformed van der Pol–Duffing model before (standard AP, grey 
dotted line) and after nullcline modification (modified AP, thick green line). (B) Phase portrait: the 
limit cycles for the variables (i), (v), for both action potentials plotted in A. 

In conclusion, the L-transformed van der Pol–Duffing model can become a very flexible base 

for a whole family of models for cardiac self-excitatory tissue, in particular – the tissue of 

atrial nodal cells.  

1.5 Controlling the effective refractory period 

From the analysis of phase response curve it can be seen that the L-transformed van der 

Pol–Duffing model has a long effective refractory period for low amplitudes of stimulation. 

Increasing the amplitude of stimulation will decrease the effective refractory period. However, 
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having only such control over the effective refractory period is impractical for simulation 

purposes. For example, during arrhythmia the magnitude of the source stimulating nodal cells 

is fixed. The cells are excited by neighbouring tissue, which has a fixed amplitude and 

duration of its action potential, acting as an effective stimulus. In the current formulation 

(presented in equation 44) refractory period for stimulation coming from external tissue is too 

long, and there is no other way to modify it.  

In order to shorten the refractory period, one solution is to reshape the null-clines to alter 

the flow in the phase space of the model (similarly as for the modification of the action 

potential shape presented in Part 3 section 1.4). Specifically, a proper reshaping the v’ = 0 

null-cline will shorten the refractory time. As shown in the Figure 3.15, one of the nullclines 

of the L-transformed van der Pol–Duffing model is formed by a polynomial of order 3. As it 

is exactly the same as in the FitzHugh–Nagumo model (for FitzHugh–Nagumo model and 

analysis of its null-clines author refer the Reader to see [113,114]), the properties of the null-

cline are similar. The middle branch of the polynomial curve can be viewed as a threshold 

line for the potential spike, and the horizontal distance between the left and the middle branch 

as the threshold potential for the relative refractory period. Thus, by decreasing this distance 

by deforming the null-cline, the stimulation necessary to provide the suprathreshold excitation 

would be smaller. An example of such a modified null-cline shape is given by: 

 
0.6 0.7 2.2  

(46)

The introduction of the logarithmic function into the equation introduced asymmetry, as 

presented in Figure 3.15. The voltage trace of the model before and after modification is 

presented in Figure 3.16. 

Finally, the final form of the equation for modelling sinoatrial and atrioventricular nodes 

after the modifications takes the following form: 

 
0.6 0.7 2.2

 

 

(47)
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Figure 3.15 – One of the nullclines of the L-transformed van der Pol-Duffing model before (A, 0

 ) and after (B, 0 0.6 0.7 	 2.2 ) the modification of the 

nullcline shape. After modification, the stimulation necessary for suprathreshold excitation is smaller. 

 
Figure 3.16 – Voltage trace of the L-transformed van der Pol-Duffing model before modification 

(A 0  ) and after the modification (B, 0 0.6 0.7 	 2.2 ) 

of the nullcline shape. Black curve represents trace of the null-cline functions vs time -  ,

 in (A) and ′ , 0.6 0.7 	 2.2 ) in (B). In addition, after 

the modification, the range of the potential variable v changes slightly. 

1.6 Simple model of the autonomic modulation of SA node firing. 

Both the sympathetic and parasympathetic branches of the autonomic nervous system 

modulate the heart rate. This modulation contributes substantially to heart rate variability  

(HRV) [193]. Only recently, the effect of autonomic modulation on the cardiac tissue began 

to be incorporated into models to study the effect of autonomic activity on the conduction 

patterns during atrial fibrillation, [194]. However, in most of the models of arrhythmia, due to 

the lack of nodal tissue in the atrial models, it is not possible to study influence of HRV and 

autonomic activity on arrhythmia and vice-versa. Moreover, for most of the measures of HRV, 

y
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arrhythmic episodes have to be removed from the RR interval series as such episodes 

represent a form of non-stationarity. As a result, it seemed interesting to add to the developed 

simulation the possibility to incorporate autonomic modulation, at least for the SAN. 

1.6.1 Simple model of response to a parasympathetic stimulus 

Cardiac response to a parasympathetic stimulus transmitted through the vagus nerve begins 

with a short latency and dissipates quickly [195,196]. The rapid response to vagal stimulation 

allows for a dynamic modulation of heart rate by the vagal nerve. The mechanism of the vagal 

modulation is centred around acetylcholine (ACh) release from the vagal nerve junctions. 

This mechanism was studied thoroughly in isolated tissue preparations as well as by indirect 

observation in whole animal experiments some time ago [197–199]. These studies presented 

the pacemaker response to brief vagal stimuli (see Figure 3.17). 

 

Figure 3.17 – (adapted with permission from Spear et al. [197]). The time course of changes in atrial 
activation rate following vagal stimulation. Interspike intervals between the activations of the atria by 
SAN are depicted on the y-axis.  Following the main inhibition response that slows down the atrial 
rate a transient acceleration in pacemaker rhythm occurs. A third phase of longer intra-activation 
intervals follows and recovery occurs over several cycles. 

To add vagal influence to the model of nodal tissue, a leaky integrator equation was added, 

as the process of the release of acetylcholine during vagal activity can be seen as a system that 

takes the integral of an input of neural stimulation, but gradually leaks a small amount of 

response over time (equation (48)). 

 1
3

 

 

 
(48)
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In the Figure 3.18, the time trace of the potential of the model after a brief stimulation is 

presented (A) and compared with voltage traces from an experiment (B) [101]. To validate the 

model, the phase response curve for the vagal stimulation was analysed. The transient change 

in the cycle period of an oscillator induced by a vagal perturbation as a function of the phase 

at which it is received is depicted in the Figure 3.19. The leaky integration scheme combined 

with the van der Pol-Duffing oscillator reproduces qualitatively the phase response of SAN to 

vagal stimulation comparing to the experimental results of [200]. 

 

Figure 3.18 – (A) Time course of  	(top),  (middle) and membrane potential  (bottom) of 

the L-transformed van der Pol – Duffing model under a brief vagal stimulation. (B) Experimental 
results: Modulation of pacemaker cell rhythm by vagal stimulation applied for 100ms - ACh in 
neuroeffector junction –(top) and membrane potential (bottom). Cycle length in milliseconds is 
depicted between the action potentials ( adapted from [101]). 

To characterize the behaviour as a function of the time of response to a brief vagal stimuli 

of the pacemaker model, a simulation of the experiment presented in [197] was conducted.  

Two of three phases of response visible in the experiment (inset adapted from [197]), were 

reproduced  in the model (the main inhibition response and the transient acceleration). The 

results of the simulation are presented in Figure 3.20. The time course of changes in the 

model activation period following vagal stimulation is presented and compared with 

experimental results (Figure 3.17 again as inset). 
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Figure 3.19 – The transient change in the cycle period of an oscillator induced by a vagal 
perturbation as a function of the phase at which it is obtained for the model of this Thesis (A) and 
experimental results (B) by Yang et al. [200] (A-St interval; time from the beginning of an atrial 
depolarization [A wave] to the beginning of the next vagal stimulus [St]; 1P, 3P… - number of vagal 
stimulus pulses per burst). Note, that the x axis in (A) presents phase of the stimulation, and x axis in 
(B) time from depolarisation to next stimulus. 

 

Figure 3.20 – Time course of changes in activation rate following vagal stimulation in L-transformed 
van der Pol- Duffing equation with simple vagal stimulation model. Two of the three phases of the 
response visible in the experiment (inset adapted from [197]), are reproduced (i.e. the main inhibition 
response and transient acceleration).  
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1.6.2 Simple model of response to a sympathetic stimulus 

Response of the heart to sympathetic stimulation is an increase in hear rate. The response is 

slow and dissipates over a relatively long time. The mechanism of the slow response to 

sympathetic activation is based on a slow inactivation of norepinephrine. As a result, the 

chronotropic responses to sympathetic stimulation are phase-independent, contrary to the 

response to Vagal stimuli [196–198]. As a result, the physiological effect of a sympathetic 

stimulus may be implemented into the model as a controlled reduction in the pacemaker cycle 

length. In the original work by Grudziński et. al. [15,16], this was achieved by the 

manipulation of the parameter e in equation (12) for the van der Pol-Duffing model. Increase 

of the parameter e may be interpreted as a result of an increase of the activity of the 

sympathetic nervous system. To show this effect, a sinusoidal modulation of the parameter e 

was performed on the model presented in equation 48 (enabling to test the effect of a variable 

sympathetic tone on the response with the same rate of change for lower and higher values of 

the parameter). The period of the oscillations T was recorded as a function of the parameter e 

and as a function of time. Effect of the test are presented in the figure Figure 3.21. The 

baseball bat shape of the portrait represents the physiological fact, that for faster heartbeats a 

lower variability of the the interspike intervals occurs. 

 

Figure 3.21 – (A) The period of the oscillations T (normalized) as a function of the parameter e. An 
increase of e corresponds to an increase of sympathetic activity. With an increase in e, a saturation of 
the oscillation period occurs and a decrease of the variability is predicted [16]. (B) Interspike 
intervals resulting from a sinusoidal modulation of parameter e. Despite the rate of change for lowest 
and highest values of modelled sympathetic tone are similar, difference in the rate of change of heart 
rate for highest and lowest sympathetic tone is different. It is clearly visible in the Poincare-type plot 
of the interspike intervals (C).  
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1.7 Analytical comparison of van der Pol-Duffing model with Morris Lecar ion-

channel based model  

The phase portrait of the van der Pol-Duffing system resembles the phase spaces of several 

physiological cell models, e.g., that of the Morris-Lecar (ML) model of the neuron membrane 

potential [18]. It was first suggested by Postnov et al. [116]  that the van der Pol Duffing 

equation can have similar properties to biological oscillators. The main feature he pointed out 

was presence of the unstable focus, stable node, saddle point and a limit cycle in the phase 

portrait (see Figure 2.2 in Part 2 Methods). He did not however analyse analytically the 

similarities between any neuronal ionic model and the van der Pol-Duffing model in his work.  

The challenge is to check whether a direct analytical transformation of one into the other is 

possible –and under what simplifications. In this part, it will be shown, that the Morris-Lecar 

model and van der Pol-Duffing equation may exhibit different properties in detailed 

formulation, while their dynamics is qualitatively similar. A transformation and a 

simplification of the Morris-Lecar model to a Liénard-type oscillator will be demonstrated. 

Here, we use such parameters for the Morris-Lecar system that result in auto-oscillations 

(contrary to the canonical formulation in which the parameters are set to a model an excitable 

cell). The Morris-Lecar model can be defined as [18]: 

 
	 ∞  (49)

 ∞  (50)

Where:  

 0.5 1 1

2

 (51)

 0.5 1 3

4

 (52)

 1
3

2 4

 (53)

with the following parameters: 1.2	 , 18	 , 	 2 , 	 30 , 

	 	84 , 60 , 120 , 0.04 , 140 20 / , 

	4.4 / ,	 2	 / ,	 8.0	 / . 
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As a first step, the variables of the system will be changed from the existing v,w 	to the total 

membrane potential and total current v, i . To do that, first the equation for w is derived from 

equation (49): 

 
 (54)

Next, the derivative of the total current i can be obtained by calculating the time derivative of 

equation (49): 

 1
0.5

2
 (55)

To obtain the final form, we need to substitute w and  from equations (50) and (54). We 

can rewrite equation (55) and group its terms with respect to the consecutive powers of i: 

  

(56)

Where: 

 1
 

(57)

Equation (56) has the following structure: 

 
0 

(58)

Where: 

 
 

(59)

 1
 

(60)

 2
 

(61)
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It will be now convenient to keep the Morris-Lecar model not in the form of equation (56) but 

shortened as in eq. (58) and compare it with the general formulation of the Liénard equation 

as a second order ODE: 

Morris-Lecar model: 0 

Liénard oscillator: 0 

The general structure of both equations (9) and (16) is similar. In the case of the Morris-

Lecar model, there is an additional quadratic term  present. The significance of 

this quadratic term is investigated - the functioning of the Morris-Lecar model with and 

without quadratic term is studied. The Morris-Lecar model without quadratic term will be 

called from now on “Liénard-simplified Morris-Lecar equation”. Voltage trace and phase 

portrait of the original Morris-Lecar model and of the Liénard-simplified Morris-Lecar 

equation are depicted Figure 3.22 and Figure 3.23, respectively. A slight difference in the 

limit cycle morphology / action potential morphology is visible.   

 

Figure 3.22 – Voltage trace of the original Morris-Lecar model and of the Liénard-simplified Morris-
Lecar equation (The Liénard-simplified Morris-Lecar model is the ML model without the quadratic 
term, with the same parameter set as for original model). Similar action potential shape is visible, 
although the period of oscillations in the modified model is slightly larger. Also the whole curve is 
shifted downwards after the modifications, and the peak-to-peak value is slightly larger.  
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Figure 3.23 – Phase portraits and null-clines of the original Morris-Lecar model (A) and of the 
Liénard-simplified Morris-Lecar equation (B, model without the quadratic term, with the same 
parameter set as for original model). A slight difference in the limit cycle morphology is visible. The 
biggest difference lies in the leftmost nullcline, which changes the direction of the phase flow in the 

0; 0 	region of the phase space. The left asymptote is not vertical in the Morris-Lecar model. 

 

Figure 3.24 – Derivative of total current (second derivative of the potential) ,  depicted as 

a function of ,  in a 3D plot for the original Morris-Lecar model (green, upper) and of the 
Liénard-simplified Morris-Lecar equation - without the quadratic term, with the same parameter set 
as for original model (blue, lower). After removing the quadratic term, the morphologies of the plots 
within the center of the plot are similar. Only in the corners, outside physiologically interesting 
region, the difference appears to be larger. 
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Though quantitatively the properties of the ML model change after omitting the quadratic 

term (yielding a slightly longer period of oscillations and smaller values of the minimal and 

maximal amplitudes of the model oscillations) the qualitative behaviour is practically 

unchanged.  In Figure 3.24, the derivative of the total current (the second derivative of the 

potential) z v, i  is depicted as a function of v, i  in a 3D plot for the original Morris-

Lecar model and for the Liénard-simplified Morris-Lecar equation.  

To minimize the qualitative difference due to the quadratic term, the parameters of the 

model can be slightly altered. In Figure 3.25, the voltage as a function of the time of the 

original Morris-Lecar model and of the Liénard-simplified Morris-Lecar equation with 

corrected parameters are depicted. Note that the oscillation periods match in this example. 

The difference can be minimized further, i.e. by applying Monte Carlo global optimization 

numerical methods, however, this is not discussed further in this Dissertation. After 

modifying the parameters, there is no difference in the period of the oscillations. However, 

slight differences in the peak-to-peak voltage of the oscillations still exists.  

 

Figure 3.25 – Membrane potential of the original Morris-Lecar model and of the Liénard-simplified 
Morris-Lecar equation (without the quadratic term, with minimally altered parameter set to match the 
oscillation period only). The difference between the results for both models is depicted as a dotted 
line. There is no difference in the period of the oscillations, however, slight a difference in peak-to-
peak amplitude of oscillations still exists.  

Comparing the dependence on time of the potential and of the phase space of the Morris 

Lecar model with and without the quadratic term (Figure 3.24 and Figure 3.25), it can be 

seen, that, at least qualitatively, both models behave similarly. Thus, with the skipped 

v (t) - original Morris Lecar model
v (t) - Lienard-simplified ML Model
v (t)  -- v (t) - difference between models 
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quadratic term Morris-Lecar model can be written in a form resembling a Liénard-type 

equation:  

 
0 

(63)

Under certain additional assumptions Liénard's theorem stated in the original papers 

[120] guarantees the uniqueness and existence of a limit cycle for an equation in this form. 

 and  have to be two continuously differentiable functions on , with g an odd 

function and f an even function (compare Part 2 Methods, section 1.1.2). Later studies have 

shown [122,123], that with less restrictive conditions, without the need for g to be an odd 

function and f to be an even function, a unique limit cycle may be proven to exist, under the 

following conditions. 

1) , ∈ 	       f(x) & g(x) are continuous and differentiable for all x  

2) Limit cycle will encircle an unstable focal point, located at (0,0) 

3) For  : 

a.  has only one positive root for  

b. there exist constant ,  with 0 	 such that 0   

0     

c. 0 for ∈ , \ 0   ; 

d. there exist constants 0, ,  with , such that 	 for 

 and  for   

e. 0 and is non-decreasing for  	  

4) For   : 

a. 	  for 0	  

Functions  ,  of Morris Lecar model without the quadratic term and 

corresponding functions  ,  are depicted in the Figure 3.26. In Figure 3.26A it 

is visible, that  has a minimum not at (0,0), but slightly shifted towards negative values. 

It is also not an even function. After integration,  shows a characteristic 

shape similar to a 3rd order polynomial, present in both the van der Pol and van der Pol – 

Duffing equations (Figure 3.26B). Function  is not exactly an odd function (Figure 

3.26C).  fulfills the condition 	  for 0 (Figure 3.26D).  
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Morris Lecar model without the quadratic term fulfils all the conditions 1-4 presented 

above, except for the assumption that the limit cycle encircles an unstable focal point located 

at (0,0), which is simply shifted in space. Visualization of how similar the phase space of the 

Morris Lecar equation and van der Pol – Duffing model are, is presented in Figure 3.27. 

 

Figure 3.26 – (A)  has a minimum not for approximately v=0, slightly shifted towards negative 
values. It is not an even function but fulfils all the conditions a.-f., except for the assumption that the 

limit cycle will encircle an unstable focal point, located at (0,0).  (B)  shows a 

characteristic shape similar to a 3rd order polynomial, present in both the van der Pol and van der Pol 
– Duffing equations (C)	  is not an odd function, however it fulfils all the conditions a.-f., except 
for the assumption that the limit cycle encircles an unstable focal point located at (0,0) (D)	

 and fulfills the condition 	  for 0. 
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Figure 3.27 – Visualization of the phase space of the Morris Lecar equation after simplification (top) 
and van der Pol – Duffing model bottom, prepared as a part of engineer Thesis by Patryk Stupka 
supervised by Piotr Podziemski [164]) Visualisations were made by Line Integral Convolution method 
(left) and an original, hitherto unpublished method for w-isochrones visualization (right) [164]. 
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1.8 Summary 

In this chapter, the L-transformed van der Pol–Duffing equation was prepared to describe 

the pacemaker tissue of the electrical conduction system in a uniform and flexible way.  The 

focus of the analysis was on the phase and restitution properties and on a comparison of the 

results with other studies, both computational and experimental. It was shown that the phase 

response curve agrees qualitatively with extensive ionic models, as well as experimental 

results. Modifications of the model to modify the refractory period or to alter the shape of 

action potential in case of the AV nodal model were developed and presented. A simple way 

to integrate with the model the autonomic regulation of the SA node was introduced and 

compared with other studies, both computational and experimental.  Finally, to explore a link 

between phenomenological models and ion channel models, a simple, two variable Morris 

Lecar ion-channel based model for excitable cells was shown to present distinct similarities to 

the Liénard system and the van der Pol – Duffing model.  
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2 Two dimensional model of the right atrium with SAN and AVN 

included 

Main findings presented in this section were published in “A simple model of the right atrium 

of the human heart with the sinoatrial and atrioventricular nodes included”, Piotr Podziemski, 

Jan J. Żebrowski Journal of Clinical Monitoring and Computing 2013, v.27(4):481-498 [81] 

2.1 Rationale 

Only a few models of the human SAN tissue and of human AVN have been published 

[11,100]. However, there are many supraventricular tachycardias (SVT) in which the nodal 

tissue plays a major role, such as the nodal re-entrant tachycardia, atrial parasystole, AV re-

entrant tachycardia or AV conduction blocks. Typical consequences of these arrhythmias are 

a decline in the quality of life, tachycardia-induced cardiomyopathy or bradycardias requiring 

pacemaker implantation [201]. Moreover, the AV node plays an important role during atrial 

arrhythmias like atrial flutter or fibrillation, filtering the too rapid activation of atria, 

protecting the ventricles from too frequent contraction that would result in an inefficient 

blood pumping action.  

Implementation of the SAN and AVN into the simulation allows to gain insight into the 

mechanisms of the above mentioned phenomena. A model of the atria that includes both 

nodes would also be able to generate sequences of ventricle activation intervals. This 

information can be easily compared with the RR-intervals recorded in a clinic.  To evaluate 

the 2D model, three case studies were chosen for simulation: atrio-ventricular nodal re-entrant 

tachycardia (AVNRT), AV orthodromic reciprocating tachycardia and atrial parasystole. 

2.2 Simulation of Atrio-Ventricular nodal re-entrant tachycardia 

Atrio-ventricular nodal re-entrant tachycardia (AVNRT) is one of the most common 

supraventricular arrhythmias that occur in the right atrium: a re-entry loop is formed in the 

vicinity of the atrioventricular node, within the right atrium [82]. The re-entrant loop involves 

two (sometimes more) anatomical conduction pathways: the fast and the slow pathway. The 

fast pathway is usually located superior to the AV node. The slow pathway is located on the 

anterior site of the coronary sinus inferior to the AV node. A simulation of this arrhythmia 

was published by Inada et al. [100] but the model was limited to a 1-dimensional strip of 

rabbit tissue. Here, AVNRT is simulated in a two dimensional tissue strip, where atrial tissue 

was modelled by FitzHugh-Nagumo equation, and nodes by L-transformed van der Pol – 
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Duffing equation (see Part 2 section 1.1.3 for parameters). The diffusion coefficient in the 

whole atrium was set to 0.25 cm2/s and in the slow pathway area of 1.5 cm2 below the 

coronary sinus (CS) to D = 0.08 cm2/s. This simulation served as a proof-of-concept for the 

simulation of entrainment pacing from the RA as a method to distinguish between AVNRT 

and atrial flutter, presented in the next chapter. 

2.2.1 Simulation protocol 

The AVN and the SAN node were placed at the ends of the diagonal of the square tissue 

strip and separated by the coronary sinus with the diffusion coefficients chosen so to model 

the difference between the conduction times through the pathways.  

To obtain the AV nodal re-entry in a model, a few different methods may be used. One 

example is the double stimulation S1–S2 protocol [100], which simulates the effect of an 

ectopic beat. All the methods are functionally equal to a functional block (i.e. a temporary 

block of conduction though a particular area) in one of the pathways. For the AVNRT, in 

which the fast pathway conducts anterogradely while the slow pathway is the retrograde path, 

the following procedure was used in this study: 

 For one simulated beat of the model, the refractory period in the slow path is 

prolonged, right before an action potential enters the slow pathway. In the model, the 

effect was obtained by setting temporarily the parameter  of the FitzHugh–Nagumo 

model to  = 0.15 inside the whole slow pathway area, which effectively puts the 

model into the refractory state by damping the incoming potential waves. In such a 

case, the activation wave will propagate only through the fast path to the AV node.  

 When the activation wave reaches the fast pathway area, the refractory period of the 

slow pathway tissue is restored to the initial state ( = 0.3). 

 As an effect, a backward activation wave will travel along the slow pathway. By the 

time the action potential reaches the end of the slow pathway, the fast pathway 

becomes re-excitable—as does the rest of the atrium. 

 As a result, a backward conduction occurs towards the SAN and another propagation 

along the fast pathway also follows. From that moment, AVNRT is stable. 

2.2.2 Simulation results 

Results of the simulation of the atrio-ventricular nodal tachycardia are presented in Figure 

3.28. The rows are labelled by the simulation time at the leftmost column while the columns 
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are marked with the time shift (45 ms increments) between them. At the beginning, the SAN 

produces an activation wave, which travels towards the atrio-ventricular node (t = 45 ms: 225 

ms). Then, the action potential reaches the fast and the slow conducting pathways (t = 270 ms: 

360 ms). The refraction time within the inside the slow conduction pathway is briefly reduced 

what results in a local functional block. Thus, the activation wave propagates forward only 

through the fast pathway (t = 360 ms: 450 ms). Next, a backward (retrograde) conduction 

appears in the slow pathway (t = 495 ms: 630 ms). The action potential travels backward 

through the right atrium and excites it while the loop of AVNRT is formed—the action 

potential repeatedly enters the slow anterograde pathway towards the AV node (t = 720 ms). 

 

Figure 3.28 – Simulation of atrio-ventricular nodal tachycardia. The two anatomical pathways to the 
atrioventricular node region are marked by white arrows in the first two images, located at both sides 
of the non-conducting region containing the coronary sinus. The action potential propagating during 
the initiation and first moments of AVNRT are presented. The rows are labelled by the simulation time 
at the leftmost column while the columns are marked with the time shift (45 ms) between them. 3 
revolutions of AVNRT are shown in the figure. Note that after the second revolution, the activity of the 
sinoatrial node is completely suppressed by the re-entry wave. 



108 
 
 

To obtain the type II AVNRT (‘‘fast-slow’’) in our model, it was enough to disrupt the 

conduction in the slow pathway. It was not needed to use the S1– S2 double stimulation 

scenario as in [100]. The length of the time this pathway remained disrupted was not 

important. The phase at which the blocked pathway regained its normal state was crucial. It 

was possible to find such a combination of the refraction periods and diffusion coefficients, 

for which the re-entry continued indefinitely, as commonly happens during AVNRT in 

patients, but contrary to the results of the model of Inada et al [100]. It is possible that type II 

(‘‘fast-slow’’) AVNRT will always be more stable as the return path is slower, which makes 

the phenomenon less sensitive to the refraction time at the entry to the fast path–slow path 

junction. 

2.3 Simulation of Atrial parasystole 

Atrial parasystole is a supraventricular arrhythmia caused by the presence of a secondary, 

ectopic pacemaker in the atrium, which operates independently of the SAN and is not 

suppressed by its activity. Usually, the period of the parasystole is smaller than that of the 

sinus rhythm. Two cases of atrial parasystole were described in [83]. Friedberg and 

Schamorth [83] suggested that the atrial parasystolic pacemaker may lie within the atrial 

preferential conducting pathway. This hypothesis will be tested here. The main goal of this 

simulation is to check, if (depending on the location of the parasystolic source) there is a 

visible pattern in the tachogram of a parasystolic rhythm, that can help in finding the location 

of the parasystolic source. The possibility of locating the parasystolic source will be studied in 

two geometrical settings of the RA—the 2D tissue strip with the FitzHugh–Nagumo model of 

the tissue and the cylindrical idealized geometry of the RA with the Fenton–Karma model of 

the tissue.  

2.3.1 Simulation protocol 

Five different locations were chosen within the atrium for the parasystolic ectopic source, 

as in Figure 3.29A and Figure 3.30A. For the case presented in Figure 3.29 the period of SAN 

firing was set to T = 750 ms and the period of the parasystolic firing to T = 800 ms. For the 

case shown in Figure 3.30 the period of SAN activity was set to T = 813 ms and the period of 

the parasystolic activity to T = 840 ms. Both SAN and parasystolic periods of firing remained 

constant for all cases studied below. Different ISI interval time series were obtained in 

simulation at the exit of the AVN, depending on the location of the parasystolic source.  
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2.3.2 Simulation results 

The main reason for the differences in the properties of the interspike interval (ISI) time 

series obtained in our study came from the difference between the refractory period in the 

AVN tissue and that of the normal, conducting atrial tissue, irrespective of the type of model 

and geometry used. Whenever the ectopic source was located on the preferential conducting 

pathway, a lengthening of the ISI measured at the exit of the atrio-ventricular node occurred 

(Figure 3.29B-D and Figure 3.30B). Moreover, the transient behaviour between the instances 

of elongated ISIs were different, depending on the location of the ectopic source in the model.  

 

Figure 3.29 – (A) Schematic drawing showing a two-dimensional model configuration and different 
locations for the parasystolic ectopic source (B-D). For all the locations on the line joining the nodes, 
a lengthening of the ISI measured at the exit of the AVN occurs. (E–F) For all the locations away from 
the line joining the nodes, a shortening of the ISI measured at the exit of AVN occurs 

While for the model of a single cell there is no intrinsic memory longer than one period of 

activity, it seems that the coupling of the cells in the model of the atrium introduces a memory 

effect resulting in a pattern lasting several ISI. For all the locations of the ectopic source away 

from the line joining the nodes, a shortening of the ISI measured at the exit of the AVN 

occurs (Figure 3.29E-F, Figure 3.30C).  
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Figure 3.30 – (A) Schematic drawing showing the cylindrical model configuration with different 
locations for the parasystolic ectopic source for the cases (B) and (C). (B) For all locations on the line 
joining the nodes, a lengthening of the ISI measured at the exit of AVN occurs. (C) For all the 
locations away from the line joining the nodes, a shortening of the ISI at the exit of AVN occurs. 

The observed difference between the shortening and the lengthening of ISI for different 

locations of the parasystolic source is explained schematically in Figure 3.31, which depicts 

the propagation of action potentials in the atrium for location C of Figure 3.30. The 

propagation of the action potential is presented on a Lewis diagram Figure 3.31, where the 

vertical coordinate is the position in the atrium along the conduction line, and the horizontal 

coordinate is the time. Initially, a normal conduction as in sinus rhythm occurs. During the 

time TSAN-AVN, the action potential travels from the sinoatrial node to the atrio-ventricular 

node. The refractory time of the tissue is represented in Figure 3.31 by the length of the 

action potential and it is longer inside the nodal tissue. The ectopic activity is suppressed by 

the refraction of the surrounding tissue. Right after the second propagation of the action 

potential through the atrium, the parasystolic source produces an action potential wave, as 

firing of SAN is faster T 	 T . However, the activation wave coming 

from the parasystolic source fails to enter the AVN node (marked ’functional conduction 

block’ in Figure 3.31). Due to that, the next activation of the ventricles will be delayed, 

producing a longer interspike interval, as in Figure 3.29B-D.  
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Figure 3.31 – A Lewis diagram for the parasystolic activity. A parasystolic ectopic source lies in the 
middle of the conduction line between sinoatrial and atrio-ventricular node (marked by a black disk). 
The vertical coordinate represents the position in the atrium on the conduction line and the time is 
horizontal. Note that the velocity of the retrograde conduction and that of the conduction in the 
forward direction are the same, and that the difference visible in the figure is due to perspective. 

The following condition for the lengthening of the ISI interval for the propagation times 

between the elements of the model holds in the case presented in Figure 3.31: 

 	 &  (64)

where: 

  - the time of propagation from SAN to AVN; 

 	  - the sinus rhythm period; 

 &  - the refraction period at AVN; 

  - the time of propagation from SAN to the parasystolic source; 

 	  - the time at the location of the parasystole between the external excitation of 

the tissue by approaching wavefront and parasystolic activity; 

  - the period of parasystolic activity; 

  - the time of propagation from the parasystolic source to AVN. 

The condition (64) may not hold only if the parasystolic source is away from the main 

conduction line between SAN and AVN. Then, occasionally, a shorter ISI will occur, as in 

Figure 3.29E-F. The minimal distance between the parasystolic source and the main 

conduction line for which a shorter ISI will occur depends on the period of the parasystolic 
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activity. From condition (64) we can tell, whether the parasystolic source lies on the pathway 

directly connecting the SAN with the AV node (the normal conduction pathway) or whether it 

is located away from it. If the period of parasystolic activity 	

&  the ISI will not be lengthened. Note that the short ISI visible in Figure 3.29E-F in a 

real tachogram would be readily recognized as the result of arrhythmia due to its length. On 

the other hand, the elongated ISI in Figure 3.29B-D would not. The latter are then a kind of 

concealed conduction pattern. It is to be expected that very similar patterns may be obtained 

in patients with very low heart rate variability and a parasystole.  

2.4 AV orthodromic reciprocating tachycardia 

Atrio-ventricular orthodromic reciprocating tachycardia (ORT) is a repetitive re-entrant 

tachycardia similar to AVNRT. A normal ventricular excitation via the atrioventricular node 

is followed by a delayed reverse excitation of the atria via a pathological, retrograde pathway. 

The effect may be interpreted as due to the existence of an ectopic source in the atria triggered 

by a ventricular activation, after a fixed delay. From the point of view of simulation, the 

phenomenon may be described as an ectopic source situated in the right atrium, that is 

triggered with a delay, after activation wave reaches atrio-ventricular node. An experimental 

study of this effect was presented by Christini et al. [87]. This in vitro study was focused on 

the functional properties of the tissue of the atrioventricular node, in which an alternans of the 

conduction during ORT may appear. The study by Christini et al. suggested, that an alternans 

in the conduction from the atria and to the ventricles could occur even in a single pathway. A 

similar effect was also studied in [202]. Here we test this hypothesis in our model in a two 

dimensional geometry using the FitzHugh–Nagumo model of working muscle tissue. 

2.4.1 Simulation protocol 

The tachycardia was simulated via a protocol called fixed delay stimulation. The right 

atrium was stimulated (at the time denoted A) at a fixed time interval t	 	VA	after the 

detection of a ventricular activation (which occurred at time V). Using a fixed delay is 

consistent with the nearly constant retrograde conduction time that accompanies ORT 

arrhythmia [87]. AVN recovery time was equal to the VA delay time plus a constant time for 

the conduction from the atrium retrograde activation site to the AV node. The t	 	VA	delay 

time was changed from 40 to 10 ms to see the effect of the recovery time due to AVN 

conduction dynamics. However, at the beginning of each run, VA was set to the initial value 
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of 70 ms and held so until a steady stationary conduction time was established — to provide 

the same initial conditions for every retrograde stimulation time VA studied. Consecutive 

interspike intervals were recorded at the output of the AVN. The sinoatrial node, although 

present in the study, did not affect the behaviour of the system, as it was suppressed by a 

relatively fast retrograde activation of the atrium. The protocol for the simulation was 

designed to reflect the properties of the in vitro protocol used in [87]. A schematic of the 

simulation is shown in Figure 3.32A. 

2.4.2 Simulation results 

After changing the VA delay interval to 40 ms and less, the AV intervals gradually 

bifurcated into the alternans (the interspike intervals (ISI) recorded at the AV node can be 

seen Figure 3.32B-C). After a transient time, equal to 20–30 intervals for each VA delay time, 

a steady alternans was established in every case (the alternans as a function of the VA delay is 

depicted in Figure 3.32C).  

 

Figure 3.32 – (A) Schematic drawing of the model of the right atrium. (B) When the VA delay was 
changed from 70 to 30 ms, the intervals between action potentials at the AV rapidly changed and then 
bifurcated into a beat-to-beat alternans. (C) The alternans in a function of the VA delay. (D) A 
sequence of ISI obtained for VA decreased to 10 ms.  
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Due to the bifurcation of the AV conduction time occurring below VA = 40 ms, two 

branches can be seen (marked upper and lower branch in Figure 3.32C). It can be seen that 

for smaller delay intervals, a larger alternans is obtained. As the VA delay was shortened, the 

amplitude of the alternans of the conduction time increased up to 375–324 ms at VA = 15 ms. 

For even shorter VA delay times, the behaviour shown in Figure 3.32D occurred. A repetitive 

pattern consisting of a transient increase in the alternans amplitude, a conduction block during 

which the AV node produces an action potential (an escape beat of 1 100 ms in Figure 3.32D), 

and a resetting of the pattern by a potential wave arriving from the SAN occurred.  

Qualitatively similar behaviours to those shown in Figure 3.32 were recorded in some 

patients in vivo by Christini et al. [87]. For one of the patients with the VA = 30 ms an 

alternans with the minimum AV interval of 280 ms and the maximum of 340 ms was recorded. 

This is consistent with our study showing an alternans below VA = 40 ms. The resetting 

pattern shown in Figure 3.32D was also recorded in some patients in vivo by Christini et al. 

The conclusion drawn there, that an alternans in the conduction from the atria and to the 

ventricles can occur even in a single pathway, is supported by the results presented here. 

Moreover, in the experimental study presented by Christini et al., the application of an 

autonomic blockade did not prevent the alternans from occurring but even evoked it in three 

patients who did not have a preblockade alternans.  

Such a single-pathway alternans may appear because of the specific restitution properties 

of the tissue. To check these properties, the conduction velocity (CV) restitution curves for 

the AVN nodal tissue were simulated.  The CV restitution curve for the nodal tissue model 

was obtained in a tissue strip of 8 x 0.32 cm using the S1–S2 restitution protocol: after the 

intrinsic activation of AVN, an external stimulus was delivered to one end of the tissue strip 

at a time S1, and a second stimulus at time S2. The time of propagation through the tissue 

strip was obtained and divided by the tissue strip length to obtain the conduction velocity. The 

conduction velocity (CV) versus S2–S1 time is plotted in Figure 3.33. In the Figure 3.32C, it 

can be seen that the conduction alternans occurs for the interspike intervals smaller than 380 

ms.  This may be compared with the Figure 3.3A. The APD alternans occurs in Figure 3.3A 

when the stimulation cycle length is below ~400 ms. It is difficult to compare the external 

stimulation in the APD/CL restitution curve simulation and the excitation of the AVN by the 

surrounding atrial tissue in terms of the total current delivered. However, qualitatively, the 

fast reverse excitation of the atria acts on the nodal tissue similarly to rapid pacing. It seems 
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that the fast excitation of the AVN in the case of the orthodromic tachycardia leads to an 

alternans in the duration of the APD of the AVN cells, which is correlated with an alternans 

of the conduction velocity. This supports the hypothesis that the restitution properties of the 

AV node, and not the autonomic nervous system activity, is the main reason for the 

conduction alternans during AV orthodromic reciprocating tachycardia. And that only a single 

conducting pathway is necessary for this alternans to occur. 

 

Figure 3.33 – The conduction velocity (CV) is depicted as a function of the S2–S1 time. The action 
potential duration versus cycle length is plotted for different stimulation strengths. 

2.5 Summary 

The inclusion of the nodal tissue together with the atrial muscle tissue in the model enables 

to study the relations between a pathological state of a part of the tissue and the properties of 

the natural pacemakers of the heart. Models of the sinoatrial and atrio-ventricular nodes 

reconstruct physiologically important properties such as the alternans in case of a ventricular 

triggered atrial pacing, or nonlinear behaviour during the AVNRT.  

The models used in the simulations presented here are simplified. Both the 2D planar 

geometry as well as the cylindrical geometry used for the atrium as well as the FitzHugh–

Nagumo and Fenton–Karma equations are much simpler than the true geometry and the 

physiology of the atrium. However, in spite of these simplifications, those models were able 

to reproduce several arrhythmias that occur in real electrophysiology of patients. Moreover, 

the results obtained from the FitzHugh–Nagumo planar model and the cylindrical geometry of 

the Fenton–Karma model are, to a large extent, equivalent. This indicates that such simple 

models may be useful for testing certain hypotheses on the pathophysiology of the atrium. In 

the following chapter, developed two-dimensional models will be used for simulations of 

chosen procedures performed during clinical electrophysiological study.  
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3 Two dimensional model of the right atrium of the human heart for 

simulations of the entrainment technique 

A number of findings presented in this section were published in “Effect of the Restitution 

Properties of Cardiac Tissue on the Repeatability of Entrainment Mapping Response”, Paweł 

Derejko, Piotr Podziemski, Jan Żebrowski, Franciszek Walczak,  Łukasz Szumowski, 

Circulation: Arrhythmia and Electrophysiology 2014; 7: 497-504, [158] 

3.1 Rationale 

Catheter electrophysiological mapping, a common and important clinical procedure was 

chosen as a main simulation target for this Thesis, as it is widely used in clinical 

electrophysiology (EP) lab. The main focus was put on the entrainment technique, which 

allows to identify and locate the mechanism of arrhythmia [203–206]. Methods of the 

entrainment protocols that allow to recognize and locate the source of arrhythmia and which 

also help to locate the mapping catheter in relation to the arrhythmia circuit are still being 

developed.   Interactive models with a simplified anatomy may allow to test and visualize new 

and existing entrainment protocols and present spatiotemporal relations between pacing and 

tachycardia within a reasonable computer time. This chapter begins with a short presentation 

of the entrainment technique. Then, three simulation cases are presented: 

 Analysis of the entrainment response from the right atrium (RA) in an AVNRT arrhythmia 

and in an atypical RA flutter, (published in [81]); 

 Simulation analysis of the clinical relevance of the postpacing interval measured at remote 

sites during entrainment; 

 Simulation analysis of the repeatability of the clinical measurement of the postpacing 

interval during entrainment, (published in [158]), 

3.2 Presentation of the entrainment technique 

In Figure 3.34A, the yellow loop represents a tachycardia circuit with an activation wave 

propagating through it marked in orange. This is a simplified representation of an activation 

wave revolving around an inactive area (anatomical obstacle, scar or functionally disabled 

region of tissue). The location of the tachycardia circuit is unknown. The period of the 

activation wave revolution around the obstacle, called the tachycardia cycle length (TCL, in 

ms) can be known from ECG.  
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Figure 3.34 – Schematic representation of the entrainment mapping technique. 

During entrainment, pacing (external stimulation) is performed from a catheter inserted 

into the atria, located in a position with an unknown distance from the tachycardia circuit 

(schematically depicted in Figure 3.34B), with the pacing cycle (PC, in ms) slightly faster 

than the TCL [207]. Usually, the pacing cycle is 20-30 ms faster than TCL. After a few paced 

beats, the wavefront from the pacing site may enter the circuit and advance the tachycardia 

tissue activation, “entraining” the arrhythmia (Figure 3.34C). (D-E) At every paced cycle, 

until the entrainment stimulation is stopped, when the tachycardia circuit is entrained through 

an orthodromic activation (orthodromic = in the same direction as the reentrant activation 

before entrainment) , the antidromic wavefront is blocked by the activation wavefront coming 

from the tachycardia circuit from the previous cycle (Figure 3.34D-E; antidromic = in the 

reverse direction to the reentrant activation before entrainment)). The time of the last stimulus 

from the pacing electrode is remembered. (F) The last stimulus still advances the tachycardia. 

The wavefront (not blocked by the wavefront from next stimulus) reaches back to the pacing 

site, as presented in Figure 3.34F. The Post Pacing Interval (PPI) – the time between the last 
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stimulus and the first recorded response after stimulation is obtained. Depending on the 

location of pacing site with respect to the tachycardia circuit, the value of PPI may be large or 

small. PPI minus the TCL will be much larger than 0 ms, when the stimulation site is far from 

the circuit (Figure 3.34G) or nearly 0 ms, when it is close (Figure 3.34H). 

3.3 Differences in the entrainment response during atrio-ventricular nodal re-entry 

tachycardia and atypical scar-related right atrial flutter 

The entrainment technique is an important pacing manoeuvre used to detect re-entry as a 

mechanism of arrhythmia. Entrainment response such as PPI-TCL can be used to identify the 

components of the re-entry circuit of arrhythmia and distinguish one type of arrhythmia from 

another. Although there is already a considerable number of protocols and practical 

information that can be used for identification of the re-entry circuit [206], finding and 

localisation of the circuit is usually based on the intuition of the clinician [204,206]. Here, a 

pacing manoeuvre to distinguish an AVNRT arrhythmia from an atypical RA flutter around 

scar tissue [69,208] is developed and presented in a simulation using a cylindrical model of 

right atrium. Theses arrhythmias were chosen, as both show regular rhythm and narrow QRS 

complexes on the ECG, and in some cases AVNRT can be difficult to distinguish from atrial 

flutter (especially from scar-related flutter, which is unique to given patient) [209]. 

 

Figure 3.35 – The cylindrical geometry of the RA model. (A) White arrows mark the slow and fast 
conduction pathways from the SAN to the AVN.  (B, C) the projection of the surface of the model 
unfolded twice to present the periodicity of cylindrical topology. Simulated entrainment electrodes P1-
P4 placement marked by the symbols x (grey crosses represent the same electrode positions as the 
white ones). (B) depicts the geometrical setting for the simulation of AVNRT. (C) depicts the 
geometrical setting for an atypical scar related atrial flutter. Figure adopted from [81].  
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3.3.1 Stimulation protocol 

Entrainment electrodes were placed in the cylindrical model of the right atrium (location 

marked by the crosses x in Figure 3.35). Figure Figure 3.35B depicts a projection of the 

geometry for the simulation of AVNRT, while Figure 3.35C shows the atypical RA flutter 

around scar tissue. For the case of AVNRT, for both nodes – SAN and AVN -, the 

entrainment pacing cycle length of 220 ms was chosen (the AVNRT cycle length in the 

simulation was 231 ms) while for the atypical RA flutter - 200 ms (atypical flutter cycle 

length was 212 ms). Both pacing cycle lengths were chosen to be only slightly shorter than 

tachycardia cycle length. This is a suggested approach while preforming entrainment in 

clinics, as entrainment at shorter pacing cycle lengths is likely to cause a change in the 

tachycardia circuit location and result in the termination of arrhythmia or a degeneration into 

a more complex one [206]. Five entrainment electrode were located in the right atrium near 

the coronary sinus. Four pacing electrode sites were chosen above the coronary sinus near the 

fast path of conduction and one (P5) in the slow conduction pathway. For pacing from every 

electrode, the time interval between the last paced beat and the following activation at the 

pacing electrode was measured and corrected for the tachycardia cycle length to obtain PPI-

TCL. Figure 3.36 shows snapshots of the electrical activity of the atrium after entrainment. 

3.3.2 Simulation results 

The propagation of activation waves after the final entrainment stimulus is presented. In 

Figure 3.37 the PPI–TCL intervals for both simulations are presented. PPI–TCL intervals for 

the scar – related atypical atrial flutter are lower than in the case of the AVNRT. As the 

intervals are case dependent (they depend on the anatomy of the patient, circuit geometry, 

pacing cycle length, TCL, etc.) this result is of low clinical significance. This effect appears 

mainly because most of the pacing points were closer to the scar than to the CS area in the 

other simulated case. A more important difference is the non-monotonic behaviour of the 

PPI–TCL value when plotted against the position of the stimulation electrode (Figure 3.37). 

The results presented here show that the PPI–TCL in the proximal (possibly the low-

conducting pathway), the distal and at a mid-distance from the CS is different in AVNRT than 

in the scar-related atrial flutter. 
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Figure 3.36 – Simulation of the entrainment of an atrio-ventricular nodal tachycardia. Time 
difference between every snapshot is 55 ms. In the first 220 ms, one AVNRT re-entry rotation can be 
seen, with a complex activation pattern of the AVN tissue (right bottom corner of the pictures in the 
image strip). At (t = 220 ms), the entrainment pacing starts at the electrode P1 (compare Figure 
3.35). After 9 pacing cycles, the AVNRT becomes entrained - external pacing accelerates the 
arrhythmia. 

As pacing from the sites similar to P1-5 in Figure 3.35A can be done in a clinic, the 

presented manoeuvre could help in a rapid recognition of the type of arrhythmia. If the PPI–

TCL would be found not to decrease with the distance from the slow pathway as in Figure 

3.37(left), it would suggest an atrial tachycardia location not involving the slow conducting 

pathway — thus not an AVNRT [81]. A similar protocol of measuring the PPI–TCL response 
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in the proximal and the distal CS but enabling the distinction of the left from the right atrial 

tachycardias was proposed by Miyazaki et al. [210]. The study showed a high sensitivity of 

distinguishing between the common flutter from different lateral RA circuits. 

 

Figure 3.37 – Entrainment response (PPI–TCL intervals) from the simulation of the entrainment 
pacing of AVNRT (left) and of the atypical RA flutter around scar tissue (right) as a function of the 
pacing electrode placement (compare with figure Figure 3.35A) The 0* position (distance) refers to 
the electrode P5 located directly inside the slow conduction path. The PPI–TCL values for the scar-
related atypical flutter are lower than in case of AVNRT, because all the pacing points were closer to 
the atypical flutter circuit than to the CS area. The dependency of the PPI–TCL on the distance to CS 
is non-monotonic for the atypical RA flutter. There is a significant increase of PPI-TCL value in the 
slow conduction pathway.  

 

3.4 Effect of the restitution properties of cardiac tissue on the repeatability of 

entrainment mapping response 

During clinical procedures of arrhythmia treatment, cardiac tissue is often stimulated from 

the electrode placed on a catheter, to assess the location of the arrythmogenic source, locate 

the re-entrant circuit or to disrupt and stop the tachycardia. Any stimulus delivered during 

ongoing tachycardia may induce changes in the effective refractory period (ERP), action 

potential duration (APD) and in the conduction velocity (CV), due to the nonlinear restitution 

properties of tissue. In turn, such changes may evoke temporary oscillations (alternans) in the 

TCL, resulting in a variability of entrainment response PPI-TCL. Such a variability may 

therefore affect the measurement of the post–pacing interval, leading to problems in locating 

the re-entrant circuit of an arrhythmia and lengthening the clinical procedure. 

In this section, the assessment of repeatability of the post-pacing interval measurement is 

presented. A response to entrainment stimulations from the same site during consecutive 

entrainment stimulations is evaluated. The simulation study is done in a two-dimensional 
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model of a re-entrant circuit. It is compared with the results from in vivo measurements. The 

clinical study consisted of 30 patients undergoing ablation of re-entrant arrhythmias. The 

study was published in the journal Circulation: Arrhythmia and Electrophysiology [158]. The 

electrophysiological clinical study was done by dr hab. n.med. Paweł Derejko. 

3.4.1 Simulation protocol 

An ensemble of simulations of macroreentrant tachycardia entrainment was performed in 

the 2D model presented in Part 2 section 2.4. The Fenton- Karma 3V [141] model was used 

to simulate cardiac action potential kinetics. The nodal tissue did not affect the tachycardia, 

since the period of the firing of the node was much larger than the tachycardia cycle length 

(TCL). A central obstacle was introduced into the model, around which a re-entrant wavefront 

could form. The geometry of the obstacle was kept constant throughout all simulations. The 

recording and pacing electrodes were placed as in Figure 3.38A. To represent the range of the 

action potential duration (APD) restitution which occurs in normal individuals as well as in 

patients with arrhythmia [211–213] the parameter of FK3V was varied from simulation to 

simulation. The APD restitution curves obtained are presented in Figure 3.38B.  

 

Figure 3.38 – (A) A schematic representation of the geometry of the atrial tissue layer in which 
simulations were performed. Two different locations for the placement of pacing electrodes were used 
– one out of the circuit (1) and one - within the circuit (2), yielding no difference in the result of the 
simulations. Two recording electrodes were added to provide insight into the time intervals between 
the activation of different sites of the myocardial sheet. (B) APD Restitution curves for five sets of 
parameters for the FK3V cell model. Figure adopted with permission from Derejko & Podziemski et 
al. CircA&E: 2014; 7: 497-504. ©Wolters Kluwer Health Lippincott Williams & Wilkins 

The diffusion coefficient was varied between simulations to obtain different tachycardia 

cycle lengths (TCL) from 200 to 550 ms, the range that is commonly found in patients during 
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clinical procedures. This is equivalent to varying the diameter of the obstacle tissue from 4 to 

10 cm with the conduction velocity fixed at 50 cm/s. The change of the diffusion parameter 

may be also interpreted as the result of changing the tissue conduction velocity from 24 cm/s 

to 65 cm/s for a fixed size of a central obstacle tissue of length 5 cm.  In total, eight diffusion 

coefficients were randomly chosen together with a random choice of stimulation electrode 

location (inside or outside the circuit). Assessments of PPI-TCL were performed in 447 

simulation runs using 40 different parameter sets. In each simulation, the model was 

stimulated to evaluate entrainment response using drive trains of 15 to 20 cycles at a cycle 

length ~20 ms shorter than TCL. For each consecutive pair of PPI-TCL measurements, their 

difference and absolute difference were calculated. To include the errors of time interval 

estimation that occur in the clinic due to an uncertainty of the peak localization in time, a 

random uniformly distributed error (range: -2.5ms, 2.5ms) was added to each TCL value. 

3.4.2 Simulation results 

Simulations showed that oscillations of the post-pacing interval can result from the 

intrinsic oscillations of the time of propagation in the entrained reentrant circuit. Oscillations 

of the time of propagation are due to the oscillations of the effective refractory period and/or 

of the conduction velocity during entrainment. An example is presented in Figure 3.39.  

 

Figure 3.39 – Representative example of a membrane potential map during a simulated entrainment 
pacing. The pacing site was in the left upper corner of the myocardial sheet; the re-entry cycle was 
induced counter clockwise around the central obstacle. The rows are labelled by the simulation time 
at the leftmost column while the columns are marked with the time shift (30 ms) between them. Figure 
adopted with permission from Derejko & Podziemski et al. CircA&E: 2014; 7: 497-504. ©Wolters 
Kluwer Health Lippincott Williams & Wilkins 
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The simulated TCL in the presented case was 220 ms and the PCL 200 ms. At the 

beginning, the pacing electrode initiates an activation of the tissue, which travels through the 

myocardial sheet and entrains the existing re-entry. Note the oscillations in wavelength 

between two consecutive entrained evolutions (compare the first row (30 ms) and the second 

row (240 ms) Two representative examples of the intervals measured at the pacing and 

recording electrodes during a simulation of the procedure are shown in Figure 3.40. 

Activation times were measured at three points – the pacing electrode (position 1 in Figure 

3.38) and at the two recording sites.  

 

Figure 3.40 – Intervals between consecutive activations during a simulation of a tachycardia. TCL = 
322 ms. Activation times were measured at three points – the pacing electrode (position 1 in Figure 
3.38) and at the two recording sites. Figure adopted with permission from Derejko & Podziemski et 
al. CircA&E: 2014; 7: 497-504. ©Wolters Kluwer Health Lippincott Williams & Wilkins 

Three entrainment pacing drive trains of 15 cycles are visible on the graph in Figure 3.40A. 

No oscillations of cycle length were recorded at the pacing electrode during entrainment, as 

the pacing cycle was fixed (PCL = 310 ms). After a few paced cycles, the reentrant wave 

becomes entrained. Oscillations of the activation times measured at the recording electrodes 

are visible (bottom left). In each entrainment pulse train, the oscillations have a different 

morphology, and in none of them a steady state is reached before the entrainment procedure 

has ended. This leads to the measurement of three different values of PPI for the same 

tachycardia circuit. In Figure 3.40B results from entrainment of a tachycardia circuit with a 

CL of around 240 ms is presented. One entrainment pacing train of 45 pulses is visible in the 
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graphs. After six initial paced cycles, the reentrant wave becomes entrained. A steady state of 

oscillations is observed at both recording electrodes, however, the oscillation amplitude at the 

electrodes is different and a different steady state is reached. 

An example restitution of the curve for APD and CV for a single parameter set as a 

function of the pacing cycle is presented in Figure 3.41.  In the study APD was chosen as a 

good estimate of clinically important Effective Refractory Period (ERP, the period, which 

allows for the second stimulation to activate particular fragment of tissue). Such estimation 

was possible, as the ratio between APD and ERP was shown to be independent of the TCL 

[214].  

In Figure 3.41A, a flat, non-alternating APD response occurs for the longer pacing cycle 

lengths. However, for the shorter stimulation cycle lengths, the curve bifurcates and APD 

values begin to alternate. The pacing cycle length required for the alternans to occur is shorter 

for a shorter basic APD (i.e., the APD obtained for long, natural cycle lengths). 

 

Figure 3.41 – (A) Action potential duration (APD) versus cycle length (CL) – restitution curve 
obtained using the dynamical protocol (see Part 2 Methods, section 1.2.2). One cell of the model was 
stimulated externally at a fixed cycle length (CL) until a steady state was reached. Restitution curves 
for only four of the five sets of the parameters of the FK cell model used in the simulation are shown in 
the figure, for clarity of presentation. (B) Comparison of the transient and the steady state using the 
restitution curve of APD vs CL. Figure adopted with permission from Derejko & Podziemski et al. 
CircA&E: 2014; 7: 497-504. ©Wolters Kluwer Health Lippincott Williams & Wilkins. 

Usually around 10-20 entrained stimuli are delivered during an entrainment procedure in 

clinics. Transient states in the tissue are likely to occur during this time. They can be another 

source of the variability of the entrained cycle period within the circuit. To show existence of 

a transient effect, an additional simulation was performed, using a model a single cell. The 
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model was paced at a fixed cycle length, for which a series of pairs of APD and CL values 

was obtained. For each pacing train simulation, the initial APD values were recorded and 

compared with APD values from a steady state, after 50 paced cycles. The results are 

presented in Figure 3.41B. We can see that, in a transient state, the maximum cycle length for 

an alternans to appear is longer than in the steady state and the alternans amplitude may be 

larger. This indicates that the PPI value may depend on the length of the pacing train.  

The observed oscillations in the duration of the action potentials lead to an interval 

dependent oscillations in the conduction velocity CV. To present that, the conduction velocity 

CV restitution curve was obtained from a simulation conducted in a tissue strip of 9.4 cm x 

0.32 cm. This corresponds to a tachycardia re-entry circuit of 3 cm in diameter.  An external 

pacing with the cycle length CL was delivered to one end of the tissue strip.  The time of 

propagation between both ends of the tissue strip was measured and presented in Figure 3.42. 

 

Figure 3.42 –The differences between the times of propagation for two consecutive activations for 
different CL are presented for three of the five FK model parameter sets. Only the stimulations, for 
which no conduction block occurred, were taken into account.  The alternans of the conduction time 
appears for the shorter pacing cycle lengths.  Inset: An estimation of the conduction velocity was 
obtained by dividing the time of propagation through the tissue strip by the tissue strip length. Figure 
adopted with permission from Derejko & Podziemski et al. CircA&E: 2014; 7: 497-504. ©Wolters 
Kluwer Health Lippincott Williams & Wilkins 

3.4.3 Comparison with the clinical study 

In the clinical study, repeated assessments of PPI-TCL were performed in 30 patients (8 of 

which had two tachycardia circuits at different locations). In total, the study investigated 124 

stimulation sites in 38 different reentrant circuits.  The results of the clinical study are 
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presented in Figure 3.43B and compared with simulation results (Figure 3.43A). In the case 

of the tachycardias with a cycle length below 350 ms, the mean absolute difference between 

the repeated measurements of PPI-TCL was 7.47ms. In the case of the tachycardias with a 

cycle length above 350 ms, the mean absolute difference between repeated measurements of 

PPI-TCL was 4.44 ms. In the simulations, in the case of tachycardias with a cycle length 

below 350 ms, the observed variability of PPI-TCL was nearly twice as high (mean value 

below 350 ms: 4.59ms) as compared to the tachycardias with a cycle length of ≥ 350 ms 

(mean value above 350 ms: 2.61ms). 

       SIMULATION            EXPERIMENT 

 

Figure 3.43 - Results of the simulation (A) and clinical study (B), presented as a box chart with bins of 
50 ms length. The following information is provided for each box: double standard deviation above 
and below the mean of the data (whiskers), the lower and upper quartile (box ranges), the median 
value (middle box line) and the mean value (black diamond). In the clinical results only three 
measurements were made for the tachycardia cycle lengths longer than 500 ms. The last box is 
colored grey to indicate low statistics. 

The mean value of the variability of PPI-TCL in the simulations is smaller than in the 

results of the clinical study. This may be due to the fact that restitution properties of the tissue 

in the simulation are static, contrary to what occurs in the experiment, where the restitution 

properties can change from stimulation to stimulation. Moreover, the simulations did not 

capture the full anatomical variability of the tachycardia circuits that may occur in clinics. 

However, in the case of tachycardias with a cycle length < 350 ms, the observed variability of 

PPI-TCL was nearly twice as high as compared to those with a cycle length of ≥ 350 ms. 

Both the clinical study and the simulations show, that the obtained PPI-TCL is highly 

repeatable. The variability of this parameter is significantly lower in the case of slow 

tachycardias.  Our study results emphasize the need for using long pacing CL (e.g., TCL – 
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10 ms) during entrainment of fast (usually atrial) tachycardias (TCL<350 ms) to increase the 

accuracy of entrainment method. 

3.5 Simulation of the postpacing interval measured at non-pacing sites during 

entrainment 

Site-by-site mapping method of locating tachycardia circuits in entrainment requires pacing 

and recording from the same site to determine the position of the electrode (Figure 3.34). In 

some cases, a successful localization requires many pacing attempts, making the procedure 

long. Thus, it is desirable to reduce the number of pacing attempts. Moreover, in a clinical 

setting, the electrograms recorded from the stimulation site often contain artifacts and 

electrical noise, decreasing the reliability of the measurement of PPI and TCL. An additional 

measurement of the return interval at additional, sites remote from the stimulation electrode 

may introduce additional information into the localization procedure. The aim of this 

simulation study was to evaluate whether the difference between a PPI recorded at sites 

remote from the pacing site (PPIR) and the tachycardia cycle length (PPIR-TCL) can be a 

clinically useful parameter. The simulation study is compared with in vivo results from 

clinical study, performed by Paweł Derejko at the Institute of Cardiology in Warsaw. 

3.5.1 Simulation protocol 

Simulations of the entrainment procedure were performed using 2D models of atrial tissue 

layer. Each model contained a macroreentrant tachycardia circuit. Models were composed of 

200x200 computational cells coupled diffusively, forming an 80x80 mm myocardial layer 

(compare with table 2.6). The Fenton-Karma FK3V model [141] was used as the conducting 

tissue model. In order to obtain different tachycardia cycle lengths (TCL) and different 

reentrant circuit characteristics in multiple simulation runs, sinus rhythm refractory periods at 

long pacing cycle length (PCL) were chosen from the range 160 - 200 ms and the conduction 

velocities from 25 to 65 cm/s. The nodal tissue did not affect the tachycardia, since node 

firing period was much smaller than the tachycardia cycle length. 

Two geometries of anatomical obstacles were used. The first one, presented in Figure 3.44, 

contains a central circular obstacle of 3 cm in diameter and two narrow non-conducting lines 

on the left and right sides, similarly to the model proposed by Hammer et al.[215].  The area 

on the left, isolated by non-conducting lines, represent a bystander, ‘dead-end’ area. The area 

on the right represents a second, potential reentrant loop. The second geometry, presented in 
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Figure 3.45, is based on the classical entrainment model introduced by Stevenson et al., with 

two areas of unexcitable tissue sharing a common pathway[14,142,203]. The geometry of the 

anatomical obstacles was kept constant throughout all simulations. In each simulation, 

entrainment pacing using drive trains of 15 to 20 beats at a cycle length 20-40 ms shorter than 

TCL was performed. For each stimulation PPIR-TCL distribution maps were prepared. 

3.5.2 Simulation results 

Examples of activation wavefront obtained in the model with the circular obstacle are 

presented for the clockwise (Figure 3.44AB) and counterclockwise (Figure 3.44DE) 

tachycardia circuits. Figure A and D show the simulation before entrainment pacing, while 

figures B and E during pacing from a remote site.  Spatial distribution maps of PPIR-TCL 

measured at all computational nodes of the model are presented in Figure 3.44C and F.  

 

Figure 3.44 – Simulation of re-entrant activation in an 80 x 80 mm model of a myocardial patch. A 
circular obstacle of 3 cm was placed in the center of the patch. (A) Membrane potential map of the 
reentrant wave rotating in the clockwise direction (CW) around the central obstacle with TCL = 330 
ms. (B) Entrainment pacing was performed from a site distant from the central obstacle (marked by 
the star in the figure) with PCL = 310 ms.  (C) Spatial map of the PPIR-TCL distribution in the model. 
(D) Membrane potential map of reentrant wave rotating in the counter-clockwise direction (CCW) 
around the central obstacle with TCL = 330 ms. (E) Entrainment pacing was performed from a site 
far from the central obstacle with PCL = 310 ms.  (F) PPIR-TCL distribution in the model. As in (C), 
PPIR > TCL only for sites at a distance from the tachycardia circuit and activated antidromically. 
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PPIR exceeded tachycardia the cycle length (TCL) significantly only at sites distant from 

the tachycardia circuit. PPIR–TCL did not exceed traditional postpacing interval PPI–TCL 

measured at the pacing electrode at any other location within the simulated area. PPIR-TCL 

was always larger than the difference between PCL and TCL in every simulation. In the 

simulations presented in Figure 3.44, pacing cycle length was 20 ms faster than tachycardia. 

Sites at which PPIR – TCL < 0 were present only near the location of collision of the 

wavefronts propagating from the pacing site and reentry circuit, in the area that was activated 

antidromically (directly from the pacing site). The smallest values were adjacent to the 

collision site.  

In Figure 3.45, the geometry of the double loop tachycardia circuit model is presented. The 

model contains bystander areas, in which the conduction was significantly slowed (down to 

0.2 mm/ms). Activation wavefront propagation during tachycardia is presented in Figure 

3.45A. The spatial distribution of PPIR – TCL after entrainment from different pacing 

locations is shown in Figure 3.45B-F. By changing the conduction velocity in the lower 

circuit, the reentrant cycle was set to be faster in either the lower circuit (Figure 3.45B-D, K-L) 

or the upper circuit (Figure 3.45E-J). After entrainment pacing from the common pathway, 

the PPIR did not significantly exceed TCL in the whole simulated area (Figure 3.45B, F). A 

small positive value was observed since the stimulation area is not infinitely small, which 

affects the measurement both in the simulation as in the real measurement. When the pacing 

site was located in the vicinity of the slower circuit, but remote from the faster (lower) circuit, 

PPIR-TCL still did attain large positive values (Figure 3.45D, K). In such a case, when the 

anatomical configuration contained a circuit, which was somewhat hidden in the unexcitable 

area, PPIR exceeded TCL significantly in a large proportion of the simulated area (Figure 

3.45D, K).  

In both tested simulation settings, if the PPIR-TCL < 0, that area was either directly reset 

antidromically or there were multiple conducting pathways in the reentrant circuit (Figure 

3.44and Figure 3.45C, E, G, K). In all the simulated cases, the PPIR exceeding significantly 

TCL indicated that both recording and pacing sites are outside the tachycardia circuit. 



131 
 
 

 

Figure 3.45 –Simulation of re-entrant activation in an 80 mm x 80 mm myocardial patch with 
the figure-eight reentry model, with two regions of unexcitable tissue sharing a common 
pathway.[14,142,203]. (A) Two bystander areas are marked by thin arrows.  (B-L) Spatial 
maps of PPIR-TCL distribution in the model for different pacing sites. By changing the 
conductivity in the lower circuit, the reentrant cycle became faster in either the lower circuit 
(B, C, D, K, L) or in the upper circuit (E-J). (B) After entrainment pacing from the common 
pathway, the PPIR does not exceed TCL significantly in all simulated regions. (C) After 
pacing from the site located inside the faster circuit, the PPIR ≤ TCL. Note, that there are two 
distinct regions, where PPIR was smaller than TCL, at the two locations where the wavefront 
collision occurred during entrainment pacing. (D) When the pacing site was located in the 
vicinity of the slower circuit but at a remote site from the faster (lower) circuit, PPIR-TCL 
reached large positive values for locations at a distance from the faster circuit. (E) PPIR-TCL 
map for entrainment pacing from a site at a distance from both circuits. (F-H) The conduction 
in the lower circuit was decreased by reducing the conductivity of the tissue. Then the upper 
re-entry circuit became faster than the lower one. Pacing sites were placed as in the figures 
B-D respectively, for comparison. (I-J) When the pacing was performed from bystander area, 
PPIR exceeded TCL significantly only in the vicinity of pacing site inside the bystander 
region. (K) The pacing site was located outside the faster circuit, but in a part of the slower, 
upper circuit. PPIR-TCL > 0 can be observed. After ablation of the faster circuit (L), the 
slower re-entry circuit propels the arrhythmia. After entrainment pacing from the same site as 
in (K) the observed values of PPIR-TCL decrease significantly. 
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3.5.3 Comparison with clinical study 

The prospective study performed by Paweł Derejko comprised 27 patients (20 males, mean 

age 47 ± 18 years) referred for ablation. To evaluate the entrainment response, pacing was 

performed with drive trains of 15-20 cycles at a period 20 - 40 ms shorter than TCL. At all 

sites, entrainment pacing was performed from the mapping catheter and, after a 20 s pause, 

from the reference catheter at a remote location. Both catheters were used interchangeably for 

pacing and recording, and for the assessment of PPI and PPIR. 

Sites determined to be activated orthodromically by the analysis of the electrogram 

morphology had values of PPIR – TCL close to 0 (within the limits of ± 30 ms) as shown in 

Figure 3.46A, left. In contrast, PPIR-TCL measured at sites determined to be activated 

antidromically ranged from -60 to 180 ms (Figure 3.46A, right).  PPIR-TCL measured at sites 

determined to be within the circuit, as confirmed by ER estimated by pacing at that site, never 

exceeded 20 ms (Figure 3.46B). For a case, when the pacing site was within the circuit, the 

PPIR measured at another, remote site did not exceed TCL by more than 30 ms (Figure 

3.46C).  Assuming the threshold of PPIR – TCL > 20 ms, this was not the case only in 1 out 

of 91 performed entrainment evaluations.  

 

Figure 3.46 – Experimental data is presented as a mean±SD, with the original data points depicted as 
grey dots. (A) Sites, determined to be activated orthodromically, had PPIR – TCL close to 0 (within 
the limits of ± 30 ms). In contrast, PPIR-TCL measured at sites determined to be activated 
antidromically ranged from -60 to 180 ms. (B) PPIR-TCL measured at sites determined to be within 
the circuit did not exceed 20 ms in any case (C) When the pacing site was inside the circuit, PPIR 
measured at another, remote site did not exceed TCL by more than for 30 ms. PPIR-TCL ≥ 30 ms only 
for sites activated antidromically, when the pacing and recording sites were out of the circuit. 

Both simulations and the clinical observation showed that if the return cycle interval 

exceeds significantly TCL, then both pacing and recording sites are outside the tachycardia 
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circuit. This information can be useful in mapping reentrant circuits, as it helps to triangulate 

the location of the tachycardia circuit. By placing an additional recording electrode in various 

locations, those sites can be quickly determined to be outside the tachycardia circuit (if the 

condition that the return cycle interval exceeds significantly TCL is met). Moreover, if the 

recording and pacing sites were outside of the tachycardia circuit, regions of the sample with 

PPIR significantly exceeding TCL are present, as shown by the simulated spatial distributions 

of PPIR – TCL in Figure 3.44 and Figure 3.45. They are located in the opposite direction 

from the pacing site than the region between the pacing site and the tachycardia circuit.  

3.6 Summary 

The results of our study provide a more complete understanding of the activation patterns 

and processes that are happening during entrainment pacing.  

Using the modeling framework presented in this Thesis, it was possible to explain the 

oscillations in post-pacing intervals observed clinically (section 3.4). The analysis of spatial 

distribution maps of PPIR - TCL from our study indicates that, after taking into account the 

placement of the pacing and the recording catheters, the value of PPI-TCL or PPIR-TCL may 

allow the identification of certain regions that are outside the tachycardia circuit, or help to 

distinguish between different types of arrhythmia (Sections 3.3 and 3.5). 

In the future, such guiding information based on post pacing interval measurements 

(weather PPI or PPIR), compared with simulated distributions of PPI and PPIR for most 

probable locations of tachycardia circuits, may be included into the support software for 3D 

electroanatomical mapping systems. This may narrow down the search area during 

tachycardia circuit mapping and accelerate the localization of the tachycardia circuit. 
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4 Three dimensional model of the right atrium of the human heart 

Most of the simulations presented in this Dissertation has been done in two-dimensional 

models of atrial tissue. In this Chapter, the approach presented is extended into a three-

dimensional model of human atria, built upon real atrial geometry from Computed 

Tomography (CT) scans (geometry provided by Paweł Kuklik from Cardiovascular Research 

Centre in Royal Adelaide Hospital). The CT geometry was resegmented, remeshed and 

prepared for the purpose of simulation by the Author of Thesis. In the Section 4.1 the 

SimpleHeart application is presented and its main components are described. In the following 

Sections 4.2 - 4.4 example 3D simulations of sinus rhythm, atrial flutter and entrainment 

procedure are presented and discussed.  

4.1 The Simple Heart computer application 

Building a 3D model of the heart atria for general purposes is not an easy task. There are 

many arrhythmias that are characterised by pathological, localized changes in either the 

anatomy or cellular properties. This means, that any simulation framework has to incorporate 

a way to easily modify the model structure, local parameters, boundary and initial conditions, 

etc. Moreover, one of the goals of this Thesis was to assess, if the simulation of atrial 

electrical activity, with which the user can interact in a real-time, can be made. Contrary to the 

3D models described in the literature  ([11,149,194]), that use real geometry of the atrial 

anatomy, this is an uncommon approach. Usually a simulation has to be planned prior to 

execution, and all calculations are performed without neither a preview of the progress nor the 

possibility to change the simulation parameters during a simulation run. This is not the 

preferred solution, especially for clinical electrophysiologists, who, during clinical 

electrophysiological study, can interact with the arrhythmia freely and on demand.  

Consequently, together with the 3D model of the human atria, a computer application 

called “SimpleHeart” was developed. The SimpleHeart is a free-to-use, Windows Desktop 

application. It can be downloaded from http://simpleheart.podziemski.net upon registering 

with a name, email and short information about potential usage. The author asks to reference 

the first publication presenting the results from the Simple Heart  model used in this Thesis: 

Piotr Podziemski, Jan J. Żebrowski, A simple model of the right atrium of the human heart 

with the sinoatrial and atrioventricular nodes included, Journal of Clinical Monitoring and 

Computing August 2013, v.27(4):481-498, [81]. 
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SimpleHeart application combines all the developed simulation models and tools presented 

in this Thesis with a graphical user interface (GUI). The GUI interface was specially 

designed to be easily understood by clinical practitioners, and electrophysiologists, with 

controls similar to real equipment that can be met in clinics. The whole application can be run 

on a single processor – even on a portable laptop in an EP lab or the clinician’s personal 

computer. Below, the GUI is briefly presented and described. 

4.1.1 Graphical User Interface 

The user interface of SimpleHeart application is presented in Figure 3.47. There are three 

main panels of the display – the view of the model on the top right side, control panel on the 

top-left side, and electrogram preview from electrodes at the bottom.  

 

Figure 3.47 – SimpleHeart desktop application. The main interface consists of three panels – control 
panel (left), view panel (right), electrograms panel (bottom) 

In the View Panel, the representation of the model can be rotated and zoomed with the 

mouse, with the zoom scale and legend of the displayed property is visible on the right. In the 

“free stimulation mode”, the user can point at a site on the atrial surface and stimulate the 

tissue by simply clicking the mouse button. When in model preparation mode, the user can set 
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the properties of the tissue like conductivity (diffusion coefficient), ERP duration (i.e. 

parameter  for Fenton Karma 3V model) or excitability (i.e. parameter  for Fenton 

Karma 3V model) by painting over the property on the model with the mouse (see also Figure 

3.48). In a similar way, user can put different structures on the model (place the model of 

sinoatrial or atrioventricular cells, change the tissue model or put an ablation lesion).  

In the Control Panel all the settings may be adjusted. User can decide whether to display 

on the model geometry the distribution of the membrane potential, current source density, 

activation time or i.e. simulated PPIR-TCL values. In the EP study panel tab, the controls 

resemble the control panel of the Biotronik Universal Stimulator UHS 3000, used often in EP 

laboratories. In here, pacing protocols of the electrophysiology can be programmed for the 

simulation. In the tissue tab, controls for manipulation of the model structure and parameters 

are placed, and in the I/O tab user can save results, simulation state, prepared model structure 

and parameters, or read new model structure. The results, data and saved simulation states are 

saved in the MATLAB *.mat format. Additionally, a new 3d model geometry can be read in 

from an *.stl (stereolithography file format for 3d structures) binary file format. 

4.1.2 Preparation of the model 

When in the Control Panel the Tissue tab is selected, instead of current simulation state, in 

the view chosen structural property is displayed. It can be modified by painting a new value 

on the model geometry over the old one. For example, the user can “paint” regions with 

higher conductivity, or shorter refractory period - as presented in the Figure 3.48 on the left. 

The choice which property to modify, can be made in the Tissue Tab. Apart from the tissue 

properties, in this mode, user can change type of the cellular model beneath chosen nodes of 

the model geometry, or introduce non-conductive regions (ablation lesions, scars etc.). In the 

Figure 3.48 on the right, an on-conductive region is introduced and marked by black color.  

In the Figure 3.49 simulation of the ablation of pulmonary veins is presented. The ablation 

lesions were made as in a common ablation strategy in electrophysiology lab. The pulmonary 

veins – a common source of many arrhythmias – were isolated from the rest of the atrium 

during the simulation run by thick ablation lesions. In the example in the picture it did not 

stop the arrhythmia in the atrium, and still quite complex (although regular) activation 

patterns and electrograms are visible.  on the right, a non-conductive region is introduced and 

marked by a black color on the model. 
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Figure 3.48 – Painting mode. Left image – manipulation of the diffusion coefficient in various areas of 
the atria. Right image – “painting” the non-conductive region (e.g. scar or ablation lesion –in black) 

 

 

Figure 3.49 – Simulation of the ablation of pulmonary veins performed as in an ablation strategy of 
Pulmonary Veins Isolation common in electrophysiology lab. The pulmonary veins – a common source 
of many arrhythmias – are isolated by thick ablation lesions from the rest of the atrium.   
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4.2 Simulation of the sinus rhythm 

As the first example of the simulation on the 3D geometry, a simple case of sinus rhythm 

was chosen. The sinoatrial and atrioventricular models prepared in Part 3 Section 2 were 

placed in the model as presented in the Figure 2.14 (see Part 2 Section 2.4 for details of the 

3D model geometry). As the conducting tissue model the Fenton-Karma 3V model was used 

with parameters that reconstruct the Courtemanche-Ramirez-Nattel CRN atrial model 

restitution curve [134]. The potential of the models was rescaled to the physiological range of 

-75 to 20 mV. The 3D anatomy of the model, although with real geometrical data, was kept 

simple, without the introduction of an anisotropic conduction, spatial inhomogeneities of 

conduction or refractory period, or preferential conduction directions along muscle bundles.  

In Figure 3.50, the time frames from different simulation moments are presented. Three 

cycles are presented, each from a different point of view on the atria – frontal (on the left), 

bottom, showing the internal atrial cavities (middle), or from the top. Note, that even in such a 

simple model, the first action potential is produced only in a part of sinoatrial node, as often 

happens in the real heart [96]. The complexity of the model, although increased in comparison 

to the 2D models, allowed running the simulations efficiently. Using the mBE numerical 

method (Part 2 Section 2.4), the time of simulation of 1 second of sinus rhythm took 18 

seconds of real simulation time (Intel Core i7 4 GHz PC with 16 GB RAM).  
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Figure 3.50 – Simulation of sinus rhythm. The time since the beginning of the first cycle is placed near 
every snapshot of the atrial activation wave propagation (color coded action potential). In the 
brackets, time from the beginning of each cycle is written. The beginning of each cycle was chosen 
arbitrary, only for the purpose of visualisation in this figure. See text for full description 
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4.3 Simulation of the right atrial flutter 

As described in Part 1 Section 2.3.2 typical atrial flutter appears in the right atrium passing 

through the cavo-tricuspid isthmus - a body of fibrous tissue in the vicinity of the tricuspid 

valve [22]. A typical flutter involves a circuit around the tricuspid annulus. Atrial 

flutter is typically not a stable rhythm and will frequently degenerate into a more complex 

rhythm. To explore the possible mechanism of such degeneration, a simulation of atrial flutter 

was performed in a 3D model of both atria of the heart (see Part 2 Section 2.4 for details of 

the 3D model geometry). All the initial settings were the same as for the simulation of sinus 

rhythm presented in Section 4.2. The reentry around the tricuspid annulus was induced by 

temporarily inactivating the narrow line of tissue extending from the border of the tricuspid 

valve to the border of Superior Vena Cava entrance, to force the spread of the action potential 

in one direction around the valve annulus. The line of tissue was inactivated only for the short 

period of 150 ms. 

Figure 3.51 presents a number of subsequent images of the action potential propagation at 

different time points. The activation wave travels around the tricuspid valve, and revolves 

around the right atrium, while the left atrium is not part of the tachycardia circuit. Note, that 

the tachycardia cycle length was less than 200 ms (in this case exactly 183 ms) which is a 

speed rarely met in a clinical setting [22]. Such a high speed of propagation was obtained 

because the anatomical substrate of the atrial tissue was kept simple - without anisotropic 

conduction, spatial inhomogeneities of conduction or refractory period, or preferential 

conduction directions along muscle bundles. The anisotropic conduction and spatial 

inhomogeneities of conduction or refractory period can be introduced in the current version of 

SimpleHeart. The preferential conduction along muscle bundles will be introduced in the 

following versions of the program. 
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Figure 3.51 – Simulation of a typical right atrial flutter. The re-entry wave travels around the 
tricuspid valve in a counter-clockwise direction. The colour represents the membrane potential of the 
cardiac tissue. Nodal tissue activity is completely suppressed by the traveling wave due to refraction 
as the latter has a much smaller cycle length than the sinus rhythm.  

Figure 3.52 depicts subsequent images of the action potential propagation one second after 

the situation presented in Figure 3.51. It is visible, that typical atrial flutter degenerated to a 

more complex pattern involving a meandering spiral wave near the right atrial appendage (top 

left region of the right atrium in the image). Electrograms presented at the bottom of the 

image are still regular. Around 500 ms (marked A) the flutter is initiated by temporary 

deactivation of the narrow strip of the tissue from the valve up to Superior Vena Cavae. 

Inactivated tissue strip passed through the Probe 3 electrode. From 500 ms until 1500 ms, 

typical atrial flutter appeared (B, presented in Figure 3.51). Only around 1500 ms 
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morphology of electrogram at one recording site is significantly changed (bottom graph in the 

Figure 3.52 from Probe 3 marked on the figure), indicating change in the conduction pattern.  

 
Figure 3.52 – Simulation of the typical right atrial flutter, that degenerated to a more complex 
arrhythmia involving a spiral wave. The spiral wave appeared near the right atrial appendage (top 
left region of the right atrium in the image). Bottom of the image: electrogram time traces from three 
recording sites marked on the first image as Probe 1 2 and 3.  

The spiral wave appeared in simulation presented in Figure 3.52, because the wavelength of 

the activation was longer than circumference of Superior Vena Cava. That caused part of the 
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activation wave to encroach on the refractory tail of the wave, thus blocking its propagation 

and leading to a break of a wavefront. Such a break is one of the main causes, why spiral 

waves appear in excitable media [216]. 

4.4 Simulation of the entrainment mapping 

Simulation of the entrainment procedure was performed in similar way as in Part 3 Section 

3.5, but with the 3D model of both atria prepared in using the SimpleHeart program (see Part 

2 Section 2.4 for details of the 3D model geometry). The model contained a tachycardia 

circuit around a scar in the right atrium, resulting in an arrhythmia called an Atypical Scar-

Related Atrial Flutter. The Fenton-Karma 3V model [141] was used as the model of the 

conducting tissue. A 160 ms refractory period for the sinus rhythm at long pacing cycle length 

(PCL) was chosen. The conduction velocity of 40 cm/s was uniform throughout the whole 

atrium. The nodal tissue did not have an effect of the tachycardia, since the node firing cycle 

was much smaller than the tachycardia cycle length (TCL). The geometry of the anatomical 

scar in the Right Atrium was kept constant throughout the simulation. Entrainment pacing 

using drive trains of 20 cycles, each 30 ms shorter than the TCL, was performed from a 

region near the entrance of the Coronary Sinus in the Right Atrium.  An example of the 

activation wavefront propagation obtained in the simulation is presented in Figure 3.53.  

 

Figure 3.53 – Simulation of the entrainment procedure of an Atypical Scar-Related Atrial Flutter. The 
white arrow indicates the direction of wavefront propagation around the scar.  The pacing electrode 
from which the entrainment procedure was performed is labeled accordingly 
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It can be seen in Figure 3.53, that only the re-entry wave around the scare in the Right 

Atrium is driving the arrhythmia, whereas in the left atrium the arrhythmia is not sustained at 

any location - left atrium is activated in the form of a radial wave. The pacing electrode is also 

marked in Figure 3.53 and labeled “pacing electrode”. 

Figure 3.54 presents the corresponding spatial distribution maps of the entrainment return 

interval corrected by tachycardia cycle length - PPIR-TCL. Spatial distribution maps of PPIR-

TCL were measured at all computational nodes of the model. As in the 2D model presented in 

Part 3 Section 3.5, PPIR exceeded the tachycardia cycle length (TCL) significantly only at 

sites distant from the tachycardia circuit (compare Figure 3.44 and Figure 3.45). PPIR–TCL 

did not exceed the post-pacing interval PPI measured at the pacing site. It can be seen, that the 

whole area of left atrium has the value of PPIR-TCL about 50 ms and larger, and in the whole 

of the top of the Right Atrium (Right Atrial Appendage, Superior Vena Cava) PPIR exceeds 

TCL by about 100 ms. Only in the small region near the re-entry around the scar (visible on 

the left image in Figure 3.54), the PPIR is comparable to TCL. 

 

Figure 3.54 – PPIR – TCL distribution on the atria after simulation of the entrainment procedure of 
an Atypical Scar-Related Atrial Flutter. In the whole area of the left atrium PPIR exceeds TCL by 
50ms or more, and in the whole region at the top of Right Atrium (Right Atrial Appendage, Superior 
Vena Cava) PPIR exceeds TCL by around 100 ms. Only in the small area near the re-entry around the 
scar (visible on the left image in Figure 3.54), the PPIR is comparable to TCL. 
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The simulation in the 3D geometry of anatomically real atria confirmed conclusions from 

the simplified 2D models and from the clinical observations (Part 3 Section 3.5). If the return 

cycle interval exceeds significantly TCL (e.g. PPIR-TCL > 30ms – value commonly used as 

threshold in standard post-pacing interval assessment [205]), then both pacing and recording 

sites are outside the tachycardia circuit. By placing a recording electrodes at appropriate 

locations, this information can help to triangulate the location of the tachycardia circuit by 

eliminating locations. If the recording site is outside of the tachycardia circuit, the regions of 

the sample with PPIR significantly exceeding TCL can be detected and may be even as large 

as one atrial chamber (Figure 3.54). Such regions are located in the opposite direction from 

the pacing site than the region between that site and the tachycardia circuit.  

 

4.5 Summary 

This section focused on exploring examples of atrial electrical activity simulation in a full 

three-dimensional model that included real atrial anatomy from CT scans. The simulation was 

performed in such a way as to be as simple as possible - with a uniform conductivity 

throughout the atrial surfaces and without anisotropy of conduction along muscle bundles. 

Nevertheless, presented SimpleHeart program is designed to enable the modification of many 

properties of the model. The Graphical User Interface (GUI) of the application allows to 

modify such parameters as connectivity, refractory period, excitability, type of the tissue 

model in a simple “point and click”, painting mode. The application allows to simulate 

clinical procedures like entrainment and interact with the simulation in real-time – similarly, 

as the clinician can interact with the tissue during an electrophysiology study via catheters.  

The introduction of the third dimension and real atrial anatomy allowed reconstructing 

such an effect as the degeneration of typical atrial flutter into more complex arrhythmia that 

includes meandering spiral wave. The simulation of this effect which is a result of the 

interaction of the activation wavefront with the real Right Atrial geometry (with real 

physiological dimensions), was not possible in the simpler two-dimensional models, e.g. in a 

model with a cylindrical geometry. Nevertheless, the simulation of entrainment procedure 

during typical right atrial flutter leads to the same conclusions as two dimensional simulations 

using a simple geometry (see Part 3 Section 3.5): the assessment of post-pacing interval at 

remote sites from the pacing location provides additional information about the localization of 

the catheters in relation to the tachycardia circuit. 
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Part 4. Summary and Conclusions 
 

The Motivation and Problem statement section emphasized that, to correctly and efficiently 

relate the integrated, computational approach with clinical reality, simulation simplifications 

should be justified by the hypothesis to be tested. In this Dissertation, the main aim was to 

investigate the perspectives of such approach. Specifically, its objectives were the following: 

 To apply the physics of non-linear oscillations to explore the physiology of atrial 

cardiac arrhythmias. 

 To explore the chosen nonlinear models of the electrical activity of cardiac nodal 

tissue and cardiac muscle tissue, characterize the advantages of these models and 

limitations for the simulations of clinically relevant phenomena and identify their key 

properties. 

 To design and develop such models of the electrophysiology of heart atria, in which 

the mechanisms of the disorders of heart rhythm (arrhythmia) as well as clinical 

procedures of their assessment can be simulated and studied in a nearly real-time scale; 

 To test the applicability of the developed computer models for the simulation of the 

results of several examples of real measurements performed during electrophysiology 

studies and ablation procedures at the clinic. 

 To analyse what are the possible limitations of the hypothesis: “Simple, 

phenomenological models with limited anatomical details are sufficient to simulate 

typical applications of clinical electrophysiological laboratory procedures”. 
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To fulfill the objectives stated at the beginning in the Motivation and Problem Section, it was 

necessary to solve a range of problems. The most important were the choices:  

 of the simple models for the cardiac nodal and the working muscle tissue,  

 of the numerical scheme of integration,  

 of the model geometries based on the hypotheses to be tested,  

 of the examples and test problems to validate the prepared models.  

It seems natural to collect both the conclusions and the questions formed during this process 

of investigation of the framework of atrial models developed and present them together, 

below. 

 

When should one choose low-dimensional phenomenological models of cardiac cellular 

activity instead of detailed, ion channel based models?  

The most prominent difference between phenomenological models of cardiac tissue (i.e. 

based on nonlinear oscillators) and the models using ion-channel properties is usually the 

number of differential equations. Many ion-channel based models contain more than 20 

equations, which increases the computational time significantly. For example, for a single cell 

model, a 10 000 s simulation of the Courtemanche-Ramirez-Nattel atrial tissue model [134] 

on an Intel Core 2 Duo single processor at 2,4 GHz took 576 s [217]. The 10 000 s. simulation 

of L-transformed van der Pol-Duffing model on the Intel Core 2 Duo at 2,4 GHz with 8 GB 

RAM took only 31s. On the Intel Core i7 4 GHz machine with 16 GB RAM the same 

simulation was twice faster. This 20x speed difference makes the phenomenological models a 

useful alternative to more complex models, especially in large-scale simulations. 

Another difference is the number of parameters defined for the phenomenological and the 

ion-channel based models. In the clinical setting, for an ion-channel based model to be useful 

its substantially large set of parameters (usually more than 30, as in the case of  

Courtemanche-Ramirez-Nattel atrial tissue model [134]) would have to be fitted to the 

specific patient. No clear ways of achieving this seems to be currently available.  

Currently, the ion-channel based models cannot be used in such full 3D atrial models that 

allow a real-time interaction with the model (applying stimulations, making ablation lesions) 

on a single PC. Real time accessibility to the model would allow the necessary interplay with 

its time evolution. The model then may be used for quick-tests (‘bedside tests’) of the ideas 
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for arrhythmia treatment procedures, or for the design of new arrhythmia localization 

techniques. It was this approach that allowed to find and test the PPIR-TCL entrainment 

method described in Part 3 Section 3.5, published in [158]. 

Another appropriate use for simple phenomenological models like the L-transformed van 

der Pol- Duffing model or the (nearly equivalent) Fenton-Karma 3V model is the study of the 

dynamics of conduction (Part 3 Section 2). The simple models used in this Thesis yield the 

correct restitution properties and phase response (Part 3 Section 1) that can be adjusted to the 

planned stimulation scenario. Phenomenological models do not simulate the internal cellular 

dynamics of the cell, so they may not be a good solution for the modelling of the effect 

pharmaceuticals on cardiac conduction. However, if the effect of the given drug on the phase 

response, excitability and restitution properties is known, these can be easily adjusted in the 

models used in this Thesis, allowing for the simulations nearly in real time to be feasible. 

 

What are the key properties of the model of the natural pacemaker of the heart 

developed in this Thesis– the L-transformed van der Pol – Duffing model of nodal tissue?  

The L-transformed van der Pol – Duffing model retains important properties of real atrial 

nodal tissue (Part 3 Section 1)  including:  

 different time scales for depolarization and repolarization,  

 properties of the action potential duration restitution curve,  

 action potential shape and phase response  

The properties of the phase response curve obtained for the phenomenological model agree 

with those of the ion-channel based models, and with those obtained in experimental studies 

(Part 3 Section 1.2 and 1.3). Depending on the external stimulation strength, the model shows 

a “weak” or “strong” type of phase resetting, reproducing the behavior indicated in other 

experimental as well as computational studies (Part 3 Section 1.3).  

The restitution curve, action potential duration, period of firing or excitability can be easily 

adjusted in the L-transformed van der Pol – Duffing model, making it a good generic model 

for the sinoatrial and atrioventricular nodes. In the case of heart disorders, when the tissue 

properties vary significantly from patient to patient, it may be of advantage to use such a 

generic, low-dimensional model with a low number of parameters and adequate for both the 

sinoatrial and atrioventricular nodes.  
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L-transformed van der Pol – Duffing model in comparison to van der Pol – Duffing model, 

used previously by Grudziński et al. [15] can be easily coupled with other models (such as the 

Fenton-Karma 3V model or the FitzHugh-Nagumo model). After the Liénard transformation, 

stability problems such as those reported in [118] or in my Master of Science Thesis [218] do 

not occur anymore. As presented in Part 3 Section 1.6, the model can be also coupled with 

simple autonomic regulation models. 

 

When one should not use simple phenomenological models of cardiac cellular activity 

and instead choose detailed, ion channel based models?  

Phenomenological models as the L-transformed van der Pol- Duffing model or the Fenton-

Karma 3V model are appropriate mostly for mesoscale simulations (as 3D, single tissue layer 

atrial anatomy models focused on the study of the activation patterns during arrhythmias), and 

for the simulation of a large number of heartbeats. As they do not simulate internal cellular 

dynamics of the cell, using these models for the simulation of effects of pharmaceuticals on 

cardiac tissue is not possible without prior knowledge on the effect of the drug on effective 

refractory period (ERP), phase response or the excitability of the tissue. This includes the 

study of the effect of new anti-arrhythmic drugs on atrial fibrillation. For similar reasons, the 

L-transformed van der Pol-Duffing model cannot be used for studying such arrhythmias as 

the sick-sinus syndrome [2].  

 

What are the key limitations of the L-transformed van der Pol – Duffing model? 

For the L-transformed van der Pol–Duffing model, as a phenomenological model, the 

parameters estimated during experiments on cell cultures of single cells (e.g. the 

experimentally estimated conductance of ion channels) cannot be directly applied. The 

parameters of the model have to be estimated based on such properties as action potential 

duration, firing period or sensitivity to external stimulation. Setting the parameters is, 

however, a relatively straightforward and easy process, as there are only 5 parameters for the 

SAN model and 6 for AVN model.  

In comparison with experimental results or the results of complex ion-channel models, 

minor differences of behaviour remain visible (e.g. minor differences in action potential 

shape).  
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It is interesting that the previous version of the model used by Grudziński et al. [15] and 

the L-transformed van der Pol-Duffing model behave differently when stimulated externally 

(the phase response curve for each of the models is different (Part 3 Section 1.3). When 

treated as a single cell model, both equations are mathematically equivalent to the same 

autonomous system. In both models, the stimulation term in the equations is applied to the 

voltage derivative equation. However, the difference in response occurs because the external 

stimulation function changes the system trajectory in phase space in a different way, as the 

definitions of the main variables of the system are different. Thus, one should always keep in 

mind that, for an ordinary differential equation model, the re-definition of any factor (other 

than the external stimulation) acting on the equation for the voltage derivative, alters the 

response to external stimulation (see also [143]).  

 

What is the advantage of spatially extended models of the atrial electrophysiology built 

using simple, nonlinear tissue models?  

The problem of what a given model represents is crucial to cardiac electrophysiology 

modelling, since the processes involved in cardiac electrical activity are multiscale. It was 

necessary to correctly and efficiently relate the integrated, computational approach with 

clinical reality. In this Thesis, the main time scale of simulation was correlated to the 

timescale of the clinical procedure, such as catheter measurements of endoatrial activity, 

pacing procedures as entrainment or radio-frequency ablation of small regions of the atrial 

tissue. The timescale of such clinical procedures varies from seconds to tens of minutes. This 

timescale is one of the largest constraints on the computational complexity of the models used 

to represent atrial anatomy and electrophysiology. In this Thesis, nonlinear, simple models of 

the tissue combined in different anatomical configurations were applied (chosen each time 

depending on the hypothesis to be tested). Because of this choice, it was possible to enable 

efficient simulation times, and obtain the following modelling advantages: 

 the complexity of the model allows running the simulations in a time-scale that allows a 

real-time interaction (i.e. applying external stimulus using a mouse-click at a location of 

the model during the simulation run). In the 3D model of the atria (Part 3 Section 4), the 

achieved time of simulation of a single sinus rhythm cycle lasting 1 second takes, on the 

average, 18 seconds of full simulation time (Intel Core i7 4 GHz PC, 16 GB RAM). This is 

for the mBE numerical method and average accuracy settings ([180], see also Part 2 
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Section 2.3). Although this is still a considerably significant time (almost 20 times slower 

than the real simulated time, it still much shorter than reported for the ion-channel based 

models, and standard implicit integration schemes. 

 the spatially extended models (two and three dimensional) presented allow a high level of 

interactivity, enabling the user to set pacing protocols, to apply ablation lesions during a 

single model run, to change the modeling parameters such as the effective refractory 

period duration or to change the excitability directly during the simulation. All of this can 

be applied during the simulation via the graphical user interface.  

 the models presented can be used even when the planned number of simulated heart beats 

is large. This is the case during the simulation of complete clinical procedures, long-term 

stability of arrhythmias, for combined models of interplay between the autonomic nervous 

system, atrial anatomy and electrophysiology (i.e. for heart rate variability modelling).  

 the models presented can be used in ensemble simulations – when it is necessary to 

reproduce the differences between the patients (i.e. clinical applications, the range of 

parameters that will reproduce any situation that may be found in patients). An example of 

this approach was used in the study of the repeatability of the entrainment procedure (Part 

3 Section 3.4). 

 

What are the examples of arrhythmias that were reproduced by the model presented 

here? 

The following simulations of arrhythmias were presented in this Thesis: 

- AVNRT – atrioventricular nodal re-entry tachycardia, together with the simulation of the 

entrainment procedure applied to AVNRT (Part 3 Sections 2.2 and 3.3) 

Simulation results showed, that only a disrupted conduction in the slow pathway can 

lead to AVNRT. In the simulation scenario, a decrease of the refractory period in the slow 

conducting pathway for a finite time caused the AVNRT of the type II (in which a reverse 

conduction appears in the slow pathway leading to the atrioventricular node). The total 

time the conduction through this pathway remained disrupted was not relevant for the 

initiation of arrhythmia. The crucial factor was the phase at which the slow pathway 

regained its normal conductive properties. It was possible to find a combination of the 

tissue refractory period and diffusion coefficients for which the re-entry continued 

indefinitely [143]. The proposed entrainment procedure, in which the measurement of the 
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PPI–TCL at is performed at multiple locations and the distance from the coronary sinus 

varying could help in distinguishing the AVNRT from other atrial re-entrant arrhythmias. 

- Atrial parasystole (Part 3 Section 2.3), 

In the simulation of atrial parasystole it was possible to reconstruct effect of the location 

and properties of a parasystolic source on the beat-to-beat intervals measured at the exit 

from the Atrio-ventricular node. Based on the simulation results, a condition allowing for a 

rough localization of the parasystolic source within the atrium was developed. Based on 

this condition it is possible to estimate if the parasystolic, ectopic source is located on the 

normal, conduction pathway between the SAN with the AVN node or whether it is located 

in a remote, peripheral location.  

- AV orthodromic reciprocating tachycardia (Part 3 Section  2.4) 

Simulation of the AV node orthodromic reciprocating tachycardia resulted in an 

alternans of conduction time obtained at the exit of the atrio-ventricular node. This result 

confirmed the hypothesis from earlier experimental studies [87], where it was found that 

the alternans of the conduction time between the atria and the ventricles can occur within 

one pathway only.  

- atypical scar-related right atrial flutter (Part 3 Section 3.3, Part 3 Section 4.4)  

A simple entrainment protocol was shown by simulation to distinguish the AVNRT 

from an atypical scar-related right atrial flutter. In the proposed entrainment procedure, 

measurements of the PPI–TCL at multiple locations with a variable distance from the 

coronary sinus entrance showed different outcomes. If the PPI–TCL does not decrease 

with the distance from the slow pathway, an atrial tachycardia location not involving the 

slow conducting pathway is indicated — thus this not an AVNRT. Simulation in the 3D 

full atrial model showed that calculating the postpacing interval at remote sites from 

additional catheters inserted into the atria during an electrophysiological study can increase 

the speed of the localisation of the tachycardia circuit – as shown in the spatial maps of the 

postpacing interval (PPIR – TCL maps), Part 3 Section 4.4. 

 

What is the clinical value of the simulation results of the entrainment technique used in 

clinics? 
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The simulations on the repeatability of the entrainment procedure showed, that the 

entrainment outcome (in the form of the magnitude PPI-TCL) is characterized by a high 

repeatability. The variability of this parameter increases with the speed of the tachycardia.  

The results of the study indicate the need for using long pacing cycle lengths in clinical 

applications (for example, pacing with the cycle only 10 ms shorter than tachycardia cycle 

length). Especially, such long pacing cycle lengths are necessary during the entrainment of 

fast atrial tachycardias (TCL<350 ms) to increase the accuracy of the localization of 

entrainment circuit.  

The simulations showed that if, during an entrainment procedure, the post-pacing interval 

is measured at a remote site and if this interval exceeds significantly the tachycardia cycle 

length, then both pacing and recording sites are outside the tachycardia circuit. This can be 

useful for the localization of reentrant circuits, as it helps to triangulate the location of the 

tachycardia circuit. By placing an additional recording electrode in various locations, those 

sites can be quickly determined to be outside the tachycardia circuit (if the condition that the 

return cycle interval exceeds significantly TCL is met). When the recording and pacing sites 

are outside of the tachycardia circuit, there are regions of the tissue where the measured PPIR 

significantly exceeds TCL. These regions are located in the opposite direction from the pacing 

site than the region between the pacing site and the tachycardia circuit.  

 

What should be the next steps  in the development of the model?  

Most of the research done during the preparation of this Thesis was done using two-

dimensional models. However, a substantial part of it was to check, if it is possible to extend 

the modelling framework to three-dimensional models. This check resulted in the examples of 

modelling in the full three dimensional atrial anatomies, as presented in the Part 3 Section 4. 

The next step for the planned development of the model is to include in the model anisotropic 

conductivity based on the anatomical information of muscle bundle orientation in the atria 

(using anatomical knowledge [22] or databases built in Research Institutes based on 

physiological preparations [219,220]). To simulate very complex arrhythmic patterns, as 

observed during atrial fibrillation, a model of fibrosis growth and fibrous tissue should be 

incorporated into the simulation framework. Moreover, a separate dual layer model of atrial 

tissue could be built for a comparative study with the complex models of atrial fibrillation 

such as the one prepared by Gharaviri et al. [216]. 
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There is a series of improvements to the user interface of the simulation application 

developed here, that would simplify conducting numerous, repeatable simulations, add new 

visualization features as placing the simulation data atop the raw anatomical images from 

Computed Tomography or Magnetic Resonance Scans, or improements that would simply 

allow changing the parameters more intuitive and more easily.  

 

Related work 

The Simple Heart application  

The Simple Heart is a free-to-use, Windows Desktop application available from 

http://simpleheart.podziemski.net upon registering with a name, email and short 

information about potential usage. The author asks to reference the first publication 

presenting the results from the SimpleHeart application: Piotr Podziemski, Jan J. 

Żebrowski, A simple model of the right atrium of the human heart with the sinoatrial and 

atrioventricular nodes included, Journal of Clinical Monitoring and Computing 2013, 

v.27(4):481-498, [81]. 

 

Journal articles that resulted from the work presented in this Thesis  

 Paweł Derejko, Piotr Podziemski, Jan Żebrowski, Franciszek Walczak,  Łukasz 

Szumowski, Effect of the Restitution Properties of Cardiac Tissue on the Repeatability of 

Entrainment Mapping Response, Circulation: Arrhythmia and Electrophysiology 

2014; 7: 497-504, [158] 

 Piotr Podziemski, Jan J. Żebrowski, A simple model of the right atrium of the human heart 

with the sinoatrial and atrioventricular nodes included, Journal of Clinical Monitoring and 

Computing 2013, v.27(4):481-498, [81] 

 Piotr Podziemski, Jan J. Żebrowski, Liénard-type models for the simulation of the action 

potential of cardiac nodal cells, Physica D: Nonlinear Phenomena 2013, 261:52-61  [143] 

 Paweł Derejko, Piotr Podziemski, Jan Żebrowski, Franciszek Walczak, Łukasz Szumowski, 

Clinical relevance of the postpacing interval measured at remote sites during entrainment, 

in preparation 
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Engineer Theses supervised by the author of the Thesis related to its subject 

Following Engineering Theses were prepared under supervision of the author of this 

Thesis and are directly connected to the topics presented in this Thesis (in Polish): 

1. Michał Skalmierski, Symulacja Badania Elektrofizjologicznego Serca – Badanie 

Mechanizmów Arytmii Pracy Serca, Warsaw University of Technology, 2013 

2. Patryk Stupka, Wizualizacja pól wektorowych: zastosowanie do układów 

dynamicznych Warsaw University of Technology, 2014 

3. Grzegorz Parka, Od potencjału zewnątrzkomórkowego do prądów transbłonowych w 

komórkach mięśnia sercowego: rekonstrukcja gęstości prądu transbłonowego Warsaw 

University of Technology, 2014 

4. Katarzyna Kośna Nieliniowa analiza wewnątrzsercowych pomiarów czynności 

elektrycznej serca Warsaw University of Technology, 2014 
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Common abbreviations 
 

2D  -  two dimensional 

3D   -  three dimensional 

AF   -  atrial fibrillation 

APD  - action potential duration 

AVN - atrio-ventricular node  

AVNRT - atrio-ventricular nodal re-entry tachycardia 

CL  -  cycle length 

CS  - coronary sinus 

CV  - conduction velocity 

CT  -  computed tomography  

CT  -  crista terminalis  

DI  - diastolic interval  

ERP  - effective refractory period 

FHN  - FitzHugh-Nagumo model of excitable medium [113] 

FK or FK3V - Fenton Karma 3 – variable  model [141]  

FO  - Fossa Ovalis 
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GUI  -  Graphical User Interface 

IVC  -  Inferior Vena Cavae 

L-transformed - ODE system after Liénard transformation  

LA - left atrium 

mBE  - modified Backward Euler method (see Part 2 Section 2.3.2) 

MRI - magnetic resonance imaging 

ODE  -  ordinary differential equation 

PPI - post-pacing interval 

PPI-TCL - postpacing interval corrected for tachycardia cycle length 

PPIR -  post-pacing interval measured at the remote, recording site 

PPIR-TCL -  post-pacing interval measured at the remote, recording site corrected for 

tachycardia cycle length 

PRC  - phase response curve 

PTC  -  phase transition curve  

PV  -  pulmonary veins 

RA - right atrium  

SAN   - sinoatrial node  

SVC  - Superior Vena Cavae 

TCL - tachycardia cycle length 

vdP oscillator - van der Pol oscillator  

vdPD oscillator - van der Pol – Duffing oscillator 
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